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I. ÒÅÎÐÈß ÏÐÅÄÅËÎÂ.
1. ÏÐÅÄÅË ÏÎÑËÅÄÎÂÀÒÅËÜÍÎÑÒÈ
1.1. Îïðåäåëåíèå ïðåäåëà. ×èñëî a íàçûâàåòñß ïðåäåëîì ïîñëåäîâàòåëü-
íîñòè xn (îáîçíà÷àåòñß lim
n→∞xn = a èëè xn −→ a), åñëè
∀ε > 0 ∃N = N(ε) > 0 ∀n > N (|xn − a| < ε).
1.2. Òåîðåìà î äâóõ ìèëèöèîíåðàõ.
Åñëè zn ≤ xn ≤ yn è lim
n→∞ zn = limn→∞ yn = a , òî limn→∞xn = a.
1.3. Êðèòåðèé Êîøè
Ïîñëåäîâàòåëüíîñòü xn ñõîäèòñß òîãäà è òîëüêî òîãäà, êîãäà
∀ε > 0 ∃N = N(ε) > 0 ∀n > N ∀p ∈ N (|xn+p − xn| < ε).
1.4. Ìîíîòîííûå ïîñëåäîâàòåëüíîñòè. Òåîðåìà. Âñßêàß ìîíîòîííàß
îãðàíè÷åííàß ïîñëåäîâàòåëüíîñòü ñõîäèòñß.
Çàìå÷àíèå. Òàê êàê âñßêàß âîçðàñòàþùàß (óáûâàþùàß) ïîñëåäîâàòåëüíîñòü
xn îãðàíè÷åíà ñíèçó (ñâåðõó) ÷èñëîì x1 , ïðè ïðèìåíåíèè òåîðåìû ê âîçðàñ-
òàþùåé (óáûâàþùåé) ïîñëåäîâàòåëüíîñòè äîñòàòî÷íî ïðîâåðèòü åå îãðàíè-
÷åííîñòü ñâåðõó (ñíèçó).
1.5. Ïðèìåðû.
1.5.1. Ïðèìåð. lim
n→∞ q
n = 0 , åñëè |q| < 1.
5 Äîêàæåì ñ ïîìîùüþ îïðåäåëåíèß. Èìååì |q| < 1 =⇒ 1|q| > 1 =⇒
1
|q| =
1 + δ , ãäå δ = 1|q| − 1 > 0 . Òîãäà, ïîëüçóßñü ôîðìóëîé áèíîìà Íüþòîíà,
ïîëó÷èì
(
1
|q|)
n = (1 + δ)n = 1 + nδ + ... > nδ,
5
÷òî âëå÷åò |q|n < 1
δn
è, ñëåäîâàòåëüíî, íåðàâåíñòâî |q|n < ε ñïðàâåäëèâî ïðè
n >
1
εδ
=
1
ε
(
1
|q| − 1
) .
Òàêèì îáðàçîì, ∀ε > 0 ∃N = N(ε) (â êà÷åñòâå N ìîæíî âçßòü, íàïðèìåð,
[
1
εδ
] + 1) òàêîå, ÷òî ∀n > N(|q|n < ε) , îòêóäà è ñëåäóåò, ÷òî lim
n→∞ q
n = 0. ¤
1.5.2. Ïðèìåð. lim
n→∞ q
n =∞ , åñëè |q| > 1 .
5 Ñëåäóåò èç ïðèìåðà 1.3.1:
qn =
1(
1
q
)n −→∞. ¤
1.5.3. Ïðèìåð. lim
n→∞
n
√
a = 1 (a > 0).
5 Ïðè a = 1 ðàâåíñòâî âåðíî. Äîêàæåì äëß ñëó÷àß a > 1 (òîãäà ñëó÷àé
a < 1 áóäåò ñëåäîâàòü èç äîêàçàííîãî è âûêëàäêè
n
√
a =
1
1
n
√
a
−→ 1).
Îáîçíà÷èì αn = n
√
a− 1 è äîêàæåì, ÷òî lim
n→∞αn = 0 . Èìååì
a = ( n
√
a)n = (1 + αn)
n > nαn
(çäåñü, êàê è â ïðèìåðå 1, ìû âîñïîëüçîâàëèñü ôîðìóëîé áèíîìà), îòêóäà
0 < αn <
a
n
è, ñëåäîâàòåëüíî, ïî òåîðåìå "î äâóõ ìèëèöèîíåðàõ" αn −→ 0. ¤
1.5.4. Ïðèìåð. lim
n→∞
n
√
n = 1.
5 Êàê è â ïðåäûäóùåì ïðèìåðå, îáîçíà÷èì αn = n
√
n − 1 è äîêàæåì, ÷òî
lim
n→∞αn = 0 . Ïîëüçóßñü ñíîâà ôîðìóëîé áèíîìà Íüþòîíà, èìååì
n = (1 + αn)
n = 1 + nαn +
n(n− 1)
2
α2n + ... >
n(n− 1)
2
α2n, n ≥ 2
Ó÷èòûâàß, ÷òî n− 1 ≥ n
2
ïðè n ≥ 2 , ïîëó÷èì
n ≥ n
2
4
α2n =⇒ 0 < αn ≤
2√
n
=⇒ αn −→ 0. ¤
6
1.5.5. Ïðèìåð. lim
n→∞
n
an
= 0 (a > 1).
5 Âîñïîëüçîâàâøèñü âûêëàäêîé ïðåäûäóùåãî ïðèìåðà, ïîëó÷èì
an = (1 + a− 1)n > n(n− 1)
2
(a− 1)2 ≥ n
2
4
(a− 1)2 (n ≥ 2),
îòêóäà ñëåäóåò, ÷òî 0 < n
an
≤ 4
n(a− 1)2 è, ñëåäîâàòåëüíî, ïî òåîðåìå "î äâóõ
ìèëèöèîíåðàõ" n
an
−→ 0. ¤
1.5.6. Ïðèìåð. lim
n→∞
nk
an
= 0 (k ∈ N, a > 1).
5 Ñëåäóåò èç ïðèìåðà 1.3.5.:
0 <
nk
an
= (
n
( k
√
a)n
)k −→ 0.¤
1.5.7. Ïðèìåð.
xn =
sin 1
2
+
sin 2
22
+ ...+
sinn
2n
.
5 Ïðèìåíèì êðèòåðèé Êîøè äëß äîêàçàòåëüñòâà ñõîäèìîñòè äàííîé ïîñëå-
äîâàòåëüíîñòè. Ïóñòü ε > 0 è p ∈ Nïðîèçâîëüíû. Òîãäà
|xn+p − xn| =∣∣∣∣sin 12 + sin 222 + ...sinn2n + sin(n+ 1)2n+1 + ...sin(n+ p)2n+p − sin 12 − sin 222 − ...sinn2n
∣∣∣∣ =
=
∣∣∣∣sin(n+ 1)2n+1 + ...+ sin(n+ p)2n+p
∣∣∣∣ ≤ ∣∣∣∣sin(n+ 1)2n+1
∣∣∣∣+ ...+ ∣∣∣∣sin(n+ p)2n+p
∣∣∣∣ ≤
≤ 1
2n+1
+ ...+
1
2n+p
=
1
2n+1
(
1− 1
2p
)
1− 1
2
<
1
2n
< ε ïðè n > N = [log2
1
ε
] + 1.
(Âî âòîðîì ðàâåíñòâå ìû âîñïîëüçîâàëèñü ôîðìóëîé ñóììû p ÷ëåíîâ ãåî-
ìåòðè÷åñêîé ïðîãðåññèè). ¤
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1.5.8. Ïðèìåð. Äîêàçàòü, ÷òî ïîñëåäîâàòåëüíîñòü xn ñõîäèòñß (èìååò ïðå-
äåë).
xn =
10
1
· 11
3
· ... · n+ 9
2n− 1 .
5 Ïîêàæåì, ÷òî ïîñëåäîâàòåëüíîñòü ßâëßåòñß óáûâàþùåé.
xn+1
xn
=
10 · 11 · ... · (n+ 9)(n+ 10) · 1 · 3 · ... · (2n− 1)
1 · 3 · ... · (2n− 1)(2n+ 1) · 10 · 11 · ... · (n+ 9) =
n+ 10
2n+ 1
< 1, n > 9.
Ñëåäîâàòåëüíî, xn+1 < xn (n > 9) , òî åñòü xn óáûâàåò. Êðîìå òîãî, xn
îãðàíè÷åíà ñíèçó: xn > 0 . Òàêèì îáðàçîì, ïî òåîðåìå î ìîíîòîííîé îãðàíè-
÷åííîé ïîñëåäîâàòåëüíîñòè xn ßâëßåòñß ñõîäßùåéñß. ¤
1.5.9. Ïðèìåð. Ñ ïîìîùüþ òåîðåìû î ìîíîòîííîé îãðàíè÷åííîé ïîñëåäî-
âàòåëüíîñòè äîêàçàòü, ÷òî lim
n→∞
an
n!
= 0.
5 Òàê êàê |xn| → 0 âëå÷åò xn → 0 , äîñòàòî÷íî ðàññìîòðåòü ñëó÷àé a > 0 .
Ïîêàæåì, ÷òî ïîñëåäîâàòåëüíîñòü xn =
an
n!
óáûâàþùàß. Äåéñòâèòåëüíî,
xn+1
xn
=
an+1n!
an(n+ 1)!
=
a
n+ 1
< 1 , íà÷èíàß ñ íåêîòîðîãî n . Êðîìå òîãî
xn îãðàíè÷åíà ñíèçó: xn > 0 . Ïî òåîðåìå î ìîíîòîííîé îãðàíè÷åííîé ïî-
ñëåäîâàòåëüíîñòè ñóùåñòâóåò lim
n→∞xn . Îáîçíà÷èì åãî ÷åðåç c . Ïåðåõîäß ê
ïðåäåëó â ðàâåíñòâå xn+1 =
a
n+ 1
xn , ïîëó÷èì: c = 0 · c = 0 . Òàêèì îáðàçîì,
c = lim
n→∞
an
n!
= 0. ¤
1.6. ÓÏÐÀÆÍÅÍÈß
1.6.1. Ïîëüçóßñü îïðåäåëåíèåì ïðåäåëà ïîñëåäîâàòåëüíîñòè, äîêàçàòü, ÷òî
lim
n→∞xn = a (óêàçàòü N(ε)) .
1)xn =
n
n+ 1
, a = 1.
2)xn =
(−1)n+1
n
, a = 0.
3)xn =
2n
n3 + 1
, a = 0.
4)xn =
1
n!
, a = 0.
5)xn = (−1)n0, 999n, a = 0.
6)xn =
logb n
n
, a = 0.
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7)xn =
3n− 2
2n− 1 , a =
3
2
.
8)xn =
7n+ 4
2n+ 1
, a =
7
2
.
9)xn =
7n− 1
n+ 1
, a = 7.
10)xn =
9− n3
1 + 2n3
, a = −1
2
.
11)xn =
1− 2n2
2 + 4n2
, a = −1
2
.
12)xn =
n+ 1
1− 2n, a = −
1
2
.
13)xn =
4n− 1
2n+ 1
, a = 2.
14)xn =
2n− 5
3n+ 1
, a =
2
3
.
15)xn =
4n2 + 1
3n2 + 2
, a =
4
3
.
16)xn =
4n− 3
2n+ 1
, a = 2.
17)xn =
2n+ 1
3n− 5 , a =
2
3
.
18)xn =
3n2 + 2
4n2 − 1 , a =
3
4
.
19)xn =
5n+ 15
6− n , a = −5.
20)xn =
2− 3n2
4 + 5n2
, a = −3
5
.
1.6.2. Ñ ïîìîùüþ êðèòåðèß Êîøè äîêàçàòü ñõîäèìîñòü ñëåäóþùèõ ïîñëåäî-
âàòåëüíîñòåé.
1)xn = a0 + a1q + ...+ anqn , ãäå |ak| < M (k = 0, 1, ...), |q| < 1.
2)xn =
cos(1!)
1 · 2 +
cos(2!)
2 · 3 + ...+
cos(n!)
n(n+ 1)
.
3)xn = 1 +
1
22
+
1
32
+ ...+
1
n2
.
Óêàçàíèå. Âîñïîëüçîâàòüñß íåðàâåíñòâîì 1
(n+ 1)2
<
1
n
− 1
n+ 1
äëß n ∈ N.
1.6.3. Ïîëüçóßñü òåîðåìîé î ìîíîòîííîé îãðàíè÷åííîé ïîñëåäîâàòåëüíîñòè
äîêàçàòü ñõîäèìîñòü ñëåäóþùèõ ïîñëåäîâàòåëüíîñòåé.
1)xn = p0+
p1
10
+ ...+
pn
10n
, ãäå pi  öåëûå íåîòðèöàòåëüíûå ÷èñëà, íå ïðåâû-
øàþùèå 9 , íà÷èíàß ñ p1 .
2)xn = (1− 1
2
)(1− 1
4
)...(1− 1
2n
).
3)xn = (1 +
1
2
)(1 +
1
4
)...(1 +
1
2n
).
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2. ÂÛ×ÈÑËÅÍÈÅ ÏÐÅÄÅËÎÂ ÏÎÑËÅÄÎÂÀÒÅËÜÍÎÑÒÅÉ.
2.1. Ïðè âû÷èñëåíèè ïðåäåëîâ ïîñëåäîâàòåëüíîñòåé èñïîëüçóþòñß ñëåäóþ-
ùèå àðèôìåòè÷åñêèå ñâîéñòâà.
lim
n→∞ cxn = c limn→∞xn.
lim
n→∞(xn + yn) = limn→∞xn + limn→∞ yn.
lim
n→∞xnyn = limn→∞xn limn→∞ yn.
lim
n→∞
xn
yn
=
lim
n→∞xn
lim
n→∞ yn
.
(Ðàâåíñòâà ïîíèìàþòñß â òîì ñìûñëå, ÷òî åñëè ñóùåñòâóþò ïðåäåëû â ïðàâûõ
÷àñòßõ ðàâåíñòâ, òî ñóùåñòâóþò è â ëåâûõ, è îíè ðàâíû)
2.2. Òàêæå áóäåì èñïîëüçîâàòü ñëåäóþùèå ñâîéñòâà:
xn −→ 0⇐⇒ |xn| −→ 0.
xn −→∞ =⇒ 1
xn
−→ 0.
xn −→ 0 =⇒ 1
xn
−→∞.
2.3. Ïðèìåðû.
2.3.1. Ïðèìåð.
lim
n→∞
3 + (0, 5)n
(0, 3)n+1 + 5
=
3 + 0
0 + 5
=
3
5
.
(Çäåñü ìû âîñïîëüçîâàëèñü àðèôìåòè÷åñêèìè ñâîéñòâàìè ïðåäåëà è ïðèìå-
ðîì 1.5.1.)
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Â ñëó÷àå íåîïðåäåëåííîñòè ∞∞ ñëåäóåò âûíåñòè ñòàðøóþ ñòåïåíü â ÷èñëèòåëå
è çíàìåíàòåëå è ñîêðàòèòü íà íåå.
2.3.2. Ïðèìåð.
lim
n→∞
100n2
3n3 + 2
= 100 lim
n→∞
n2
n3(3 + 2n3 )
= 100 lim
n→∞
1
n
lim
n→∞
1
3 + 2n3
= 0.
2.3.3. Ïðèìåð.
lim
n→∞
5 · 2n − 3 · 5n+1
100 · 2n + 2 · 5n = limn→∞
5n(5
(
2
5
)n
− 3 · 5)
5n(100
(
2
5
)n
+ 2)
=
5 · 0− 3 · 5
100 · 0 + 2 = −
15
2
.
2.3.4. Ïðèìåð.
lim
n→∞
(
2− n
n+ 1
+
n2−n
n+ 2
)
= lim
n→∞
n
(
2
n
− 1
)
n
(
1 +
1
n
) + lim
n→∞
n
1
2n
n
(
1 +
2
n
) = −1 + 0 = −1.
Íåîïðåäåëåííîñòü ∞ − ∞ ïðèâîäèòñß ê ∞∞ ñ ïîìîùüþ ïðåäâàðèòåëüíûõ
ïðåîáðàçîâàíèé (ïðèâåäåíèåì ê îáùåìó çíàìåíàòåëþ, äîìíîæåíèåì íà ñî-
ïðßæåííîå è ò.ï.).
2.3.5. Ïðèìåð.
lim
n→∞
(
n2 + 1
2n+ 1
− 3n
2 + 1
6n+ 1
)
= lim
n→∞
(n2 + 1)(6n+ 1)− (3n2 + 1)(2n+ 1)
(2n+ 1)(6n+ 1)
=
lim
n→∞
6n3 + 6n+ n2 + 1− 6n3 − 2n− 3n2 − 1
(2n+ 1)(6n+ 1)
=
lim
n→∞
4n− 2n2
(2n+ 1)(6n+ 1)
= lim
n→∞
n2(
4
n
− 2)
n2(2 +
1
n
)(6 +
1
n
)
= lim
n→∞
−2
12
= −1
6
.
2.3.6. Ïðèìåð.
lim
n→∞(
√
n2 + n− n) = lim
n→∞
(
√
n2 + n− n)(√n2 + n+ n)√
n2 + n+ n
=
11
lim
n→∞
n2 + n− n2√
n2 + n+ n
= lim
n→∞
n
n(
√
1 +
1
n
+ 1)
=
1
2
.
Îáðàòèì âíèìàíèå íà îäíó òèïè÷íóþ îøèáêó, äîïóñêàåìóþ ìíîãèìè ñòóäåí-
òàìè. Íàïðèìåð, ïðè âû÷èñëåíèè ïðåäåëà lim
n→∞
(−1)n + 1
n
1
n2
− (−1)n
ïîñòóïàþò òàê:
lim
n→∞
(−1)n + 1
n
1
n2
− (−1)n
= lim
n→∞
(−1)n
−(−1)n = −1 , îáúßñíßß ïðè ýòîì, ÷òî
1
n
è 1
n2
ñòðå-
ìßòñß ê 0, ÷òî, êîíå÷íî, âåðíî, íî ïåðåõîä ê ïðåäåëó ñîâåðøåí íå ïî ïðàâèëàì.
Âåðíîå ðåøåíèå:
lim
n→∞
(−1)n + 1
n
1
n2
− (−1)n
= lim
n→∞
(−1)n
(
1 +
1
n(−1)n
)
(−1)n
(
1
(−1)nn2 − 1
) = 1 + 0
0− 1 = −1.
(Çäåñü 1
n(−1)n è
1
(−1)nn2 ñòðåìßòñß ê 0 , òàê êàê ñòðåìßòñß ê 0 èõ ìîäóëè.)
2.4. ÓÏÐÀÆÍÅÍÈß
2.4.1 Âû÷èñëèòü ïðåäåëû ñëåäóþùèõ ïîñëåäîâàòåëüíîñòåé (íàéòè lim
n→∞xn)
[â êâàäðàòíûõ ñêîáêàõ ïðèâåäåíû îòâåòû].
1)xn = (
n− 1
n
)5 [1].
2)xn =
n+ 1√
n2 + 1
[1].
3)xn =
3
√
n2 + n
n+ 2
[0].
4)xn =
√
n2 + 1 +
√
n
3
√
n3 + n+ n
[
1
2
].
5)xn =
n3 + 27
n4 − 15 [0].
6)xn =
(n+ 5)3 − n(n+ 7)2
n2
[1].
7)xn =
3n
5 + 3n+1
[0].
8)xn =
2n+2 + 3n+3
2n + 3n
[27].
9)xn =
(−1)n · 6n − 5n+1
5n − (−1)n+1 · 6n+1 [
1
6
].
10)xn =
(−2)n + 3n
(−2)n+1 + 3n+1 [
1
3
].
11)xn = (
√
n+ 1−√n) [0].
12
12)xn =
√
n2 − 1− (n+ 1) [−1].
13)xn =
√
n2 + n−√n2 − n [1].
14)xn =
3
√
n3 + 2n2 − n [2
3
].
15)xn =
n
2
(
3
√
1 +
2
n
− 1) [1
3
].
16)xn =
n3 + 3n
n+ 3n+1
[
1
3
].
17)xn =
n10 − 1
1 + n(1, 1)n
[0].
18)xn =
n
√
3n + n · 2n [3].
19)xn =
n
√
n2 + 4n
n+ 5n
[
4
5
].
20)xn = n
√
10
n
− 1
(1, 2)n
[1].
3. ÏÐÅÄÅË ÔÓÍÊÖÈÈ
3.1. Îïðåäåëåíèå. Ïóñòü aïðåäåëüíàß òî÷êà ìíîæåñòâà E . ×èñëî α íà-
çûâàåòñß ïðåäåëîì ôóíêöèè f : E → R â òî÷êå a , åñëè
∀ε > 0 ∃δ = δ(ε) > 0 ∀x ∈ E (0 < |x− a| < δ ⇒ |f(x)− α| < ε),
(îáîçíà÷åòñß lim
x→a f(x) = α).
3.2. Âû÷èñëåíèå ïðåäåëîâ ôóíêöèé Âû÷èñëåíèå ïðåäåëîâ îñíîâûâàåòñß
íà ñëåäóþùèõ àðèôìåòè÷åñêèõ ñâîéñòâàõ ïðåäåëà ôóíêöèè .
lim
x→a[f(x) + g(x)] = limx→a f(x) + limx→a g(x).
lim
x→1
[f(x) · g(x)] = lim
x→a f(x) · limx→a g(x).
lim
x→a
f(x)
g(x)
=
lim
x→a f(x)
lim
x→a g(x)
(lim
x→a g(x) 6= 0).
Ðàâåíñòâà ïîíèìàþòñß â òîì ñìûñëå, ÷òî, åñëè ñóùåñòâóþò ïðåäåëû â ïðàâûõ
÷àñòßõ, òî ñóøåñòâóþò è â ëåâûõ, è îíè ðàâíû.
3.3. Âû÷èñëåíèå ïðåäåëîâ ðàöèîíàëüíûõ ôóíêöèé Â ñëó÷àå, êîãäà
÷èñëèòåëü è çíàìåíàòåëü äðîáè ñòðåìßòñß ê ∞ (ãîâîðßò, ÷òî èìååò ìåñòî
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íåîïðåäåëåííîñòü âèäà ∞∞ ), íàäî âûíåñòè â ÷èñëèòåëå è çíàìåíàòåëå ñòàð-
øóþ ñòåïåíü è ñîêðàòèòü íà íåå (ñì. ïðèìåðû 3.5.3., 3.5.4.).
Â ñëó÷àå, êîãäà ÷èñëèòåëü è çíàìåíàòåëü äðîáè ñòðåìßòñß ê 0 (ãîâîðßò, ÷òî
èìååò ìåñòî íåîïðåäåëåííîñòü âèäà 0
0
), ñëåäóåò, ðàçëîæèâ ÷èñëèòåëü è çíà-
ìåíàòåëü íà ìíîæèòåëè, âûäåëèòü ñîìíîæèòåëü, ñòðåìßùèéñß ê 0 , è ñîêðà-
òèòü íà íåãî (ñì. ïðèìåðû 3.5.5., 3.5.6.).
Íåîïðåäåëåííîñòü âèäà ∞−∞ ïðèâîäèòñß ê íåîïðåäåëåííîñòè âèäà ∞∞ (ñì.
ïðèìåð 3.5.11.).
3.4. Âû÷èñëåíèå ïðåäåëîâ èððàöèîíàëüíûõ ôóíêöèé Â ïðèìåðàõ, ñî-
äåðæàùèõ èððàöèîíàëüíîñòè, äëß òîãî, ÷òîáû âûäåëèòü âûðàæåíèå, ïîäëå-
æàùåå ñîêðàùåíèþ, ñëåäóåò ïðåäâàðèòåëüíî óìíîæèòü ÷èñëèòåëü è çíàìå-
íàòåëü íà ñîïðßæåííîå (ñì. ïðèìåðû 3.5.7., 3.5.8,3.5.11.).
3.5. Ïðèìåðû.
3.5.1. Ïðèìåð. Äîêàçàòü, ÷òî lim
x→−3
2x2 + 5x− 3
x+ 3
= −7.
5 Äîêàæåì ñ ïîìîùüþ îïðåäåëåíèß (â íàøåì ñëó÷àå
f(x) =
2x2 + 5x− 3
x+ 3
, a = −3, α = −7).
Äëß ïðîèçâîëüíîãî ε > 0 îöåíèì ðàçíîñòü |f(x)−α| =
∣∣∣∣2x2 + 5x− 3x+ 3 + 7
∣∣∣∣ =∣∣∣∣2x2 + 5x− 3 + 7x+ 21x+ 3 | = |2x2 + 12x+ 18x+ 3
∣∣∣∣ = ∣∣∣∣2(x+ 3)2x+ 3
∣∣∣∣ = 2|x + 3| < ε ïðè
0 < |x+ 3| < δ = ε
2
. ¤
3.5.2. Ïðèìåð. lim
x→0
x2 − 1
2x2 − x− 1 =
lim
x→0
(x2 − 1)
lim
x→0
(2x2 − x− 1)
=
0− 1
0− 1 = 1.
3.5.3. Ïðèìåð. lim
x→∞
x2 − 1
2x2 − x− 1 = limx→∞
x2(1− 1
x2
)
x2(2− 1
x
− 1
x2
)
= lim
x→∞
1− 1
x2
2− 1
x
− 1
x2
=
1− 0
2− 0− 0 =
1
2
.
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3.5.4. Ïðèìåð. lim
x→∞
(2x− 3)20(3x+ 20)30
(2x+ 1)50
=
= lim
x→∞
x20(2− 3
x
)20x30(3 +
20
x
)30
x50(2 +
1
x
)50
=
= lim
x→∞
(2− 3
x
)20(3 +
20
x
)30
(2 +
1
x
)50
=
220 · 330
250
= (
3
2
)30.
3.5.5. Ïðèìåð. lim
x→1
x2 − 1
2x2 − x− 1 =
= lim
x→1
(x− 1)(x+ 1)
(x− 1)(2x+ 1) = limx→1
x+ 1
2x+ 1
=
2
3
.
3.5.6. Ïðèìåð. lim
x→1
x3 − x2 − x+ 1
x3 + x2 − x− 1 = limx→1
x2(x− 1)− (x− 1)
x2(x+ 1)− (x+ 1) =
= lim
x→1
(x− 1)(x2 − 1)
(x+ 1)(x2 − 1) = limx→1
x− 1
x+ 1
=
0
2
= 0.
3.5.7. Ïðèìåð. lim
x→0
√
x+ 4− 2
x
= lim
x→0
(
√
x+ 4− 2)(√x+ 4 + 2)
x(
√
x+ 4 + 2)
=
= lim
x→0
x+ 4− 4
x(
√
x+ 4 + 2)
= lim
x→0
1√
x+ 4 + 2
=
1
4
.
( Çäåñü ìû óìíîæèëè ÷èñëèòåëü è çíàìåíàòåëü íà
√
x+ 4+ 2ñîïðßæåííîå
ê
√
x+ 4− 2 , çàòåì ïðèìåíèëè â ÷èñëèòåëå ôîðìóëó ðàçíîñòè êâàäðàòîâ).
3.5.8. Ïðèìåð. lim
x→−8
√
1− x− 3
2 + 3
√
x
=
= lim
x→−8
(
√
1− x− 3)(√1− x+ 3)(4− 2 3√x+ 3
√
x2)
(2 + 3
√
x)((4− 2 3√x+ 3
√
x2)(
√
1− x+ 3) =
= lim
x→−8
(1− x− 9)(4− 2 3√x+ 3
√
x2)(4− 2 3√x+ 3
√
x2)
(8 + x)(
√
1− x+ 3) =
= lim
x→−8
−4− 2
3
√
x+
3
√
x2√
1− x+ 3 = −
4 + 4 + 4
3 + 3
= −2.
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(Çäåñü ìû óìíîæèëè ÷èñëèòåëü è çíàìåíàòåëü íà âûðàæåíèß (
√
1− x + 3)
è íà (4 − 2 3√x + 3
√
x2) , à çàòåì ïðèìåíèëè ôîðìóëû ðàçíîñòè êâàäðàòîâ â
÷èñëèòåëå è ñóììû êóáîâ â çíàìåíàòåëå.
3.5.9. Ïðèìåð. Íàéòè lim
x→0
n
√
1 + x− 1
x
.
5 Ïîëîæèì 1 + x = y . Òîãäà
lim
x→0
n
√
1 + x− 1
x
= lim
y→1
y − 1
yn − 1 = limy→1
y − 1
(y − 1)(yn−1 + yn−2 + ...+ 1) =
1
n
. ¤
3.5.10. Ïðèìåð. Íàéòè lim
x→0
3
√
1 +
x
3
− 4
√
1 +
x
4
1−
√
1− x
2
.
5 Âû÷èñëèì ýòîò ïðåäåë ñ èñïîëüçîâàíèåì ðåçóëüòàòà ïðèìåðà 3.5.9. Âû÷è-
òàß è äîáàâëßß åäèíèöó â ÷èñëèòåëå è ðàçäåëèâ ÷èñëèòåëü è çíàìåíàòåëü íà
x , ïîëó÷èì
lim
x→0
3
√
1 +
x
3
− 4
√
1 +
x
4
1−
√
1− x
2
= lim
x→0
3
√
1 +
x
3
− 1
3 · x
3
−
4
√
1 +
x
4
− 1
4 · x
4√
1 + (−x
2
)− 1
2(−x
2
)
=
1
3
· 1
3
− 1
4
· 1
4
1
2
· 1
2
=
7
36
. ¤
3.5.11. Ïðèìåð.
lim
x→+∞(
√
x2 + 8x+ 3−
√
x2 + 4x+ 3) = {∞−∞} =
= lim
x→+∞
(
√
x2 + 8x+ 3−√x2 + 4x+ 3)(√x2 + 8x+ 3 +√x2 + 4x+ 3)√
x2 + 8x+ 3 +
√
x2 + 4x+ 3
=
16
= lim
x→+∞
x2 + 8x+ 3− x2 − 4x− 3√
x2 + 8x+ 3 +
√
x2 + 4x+ 3
= lim
x→+∞
4x√
x2 + 8x+ 3 +
√
x2 + 4x+ 3
=
= {∞∞} = limx→+∞
4√
1 + 8/x+ 3/x2 +
√
1 + 4/x+ 3/x2
=
4
2
= 2.
3.6. ÓÏÐÀÆÍÅÍÈß
3.6.1. Â ñëåäóþùèõ ïðèìåðàõ äîêàçàòü (íàéòè δ(ε)), ÷òî:
1) lim
x→−2
3x2 + 5x− 2
x+ 2
= −7.
2) lim
x→3
x2 − 4x+ 3
x− 3 = 2.
3) lim
x→1
5x2 − 4x− 1
x− 1 = 6.
4) lim
x→−1/2
6x2 + x− 1
x+ 1/2
= −7.
4) lim
x→1/2
6x2 − x− 1
x− 1/2 = 5.
6) lim
x→−7/5
10x2 + 9x− 7
x+ 7/5
= −19.
3.6.2. Âû÷èñëèòü ïðåäåëû ôóíêöèé [â êâàäðàòíûõ ñêîáêàõ óêàçàíû îòâåòû].
1) lim
x→∞
x3 + 2x2 + 3x+ 4
4x3 + 3x2 + 2x+ 1
[
1
4
].
2) lim
x→∞
(x− 1)(x− 2)(x− 3)(x− 4)(x− 5)
(5x− 1)5 [
1
55
].
3) lim
x→∞
(x+ 1)(x2 + 1)...(xn + 1)
((nx)n + 1)
n+1
2
[
1
n
n(n+1)
2
].
4) lim
x→∞
3x4 − 2√
x8 + 3x+ 4
[3].
17
5) lim
x→∞
√
x+
√
x+
√
x
√
x+ 1
[1].
6) lim
x→∞
√
x+ 3
√
x+ 4
√
x√
2x+ 1
[
1√
2
].
3.6.3. Âû÷èñëèòü ñëåäóþùèå ïðåäåëû [â êâàäðàòíûõ ñêîáêàõ óêàçàíû îòâå-
òû].
1) lim
x→0
(1 + x)3 − (1 + 3x)
x2 + x5
[3].
2) lim
x→1
2x2 − x− 1
x3 + 2x2 − x− 2 [
1
2
].
3) lim
x→1
x4 − 1
2x4 − x2 − 1 [
2
3
].
4) lim
x→2
x3 − 2x2 − 4x+ 8
x4 − 8x2 + 16 [
1
4
].
5) lim
x→2
(x2 − x− 2)20
(x3 − 12x+ 16)10 [(
3
2
)10].
6) lim
x→1
xm − 1
xn − 1 [
m
n
].
3.6.4. Âû÷èñëèòü ñëåäóþùèå ïðåäåëû [â êâàäðàòíûõ ñêîáêàõ óêàçàíû îòâå-
òû].
1) lim
x→4
√
1 + 2x− 3√
x− 2 [
4
3
].
2) lim
x→3
√
x+ 13− 2√x+ 1
x2 − 9 [−
1
16
].
3) lim
x→16
4
√
x− 2√
x− 4 [
1
4
].
4) lim
x→0
3
√
8 + 3x− x2 − 2
x+ x2
[
1
4
].
5) lim
x→0
3
√
27 + x−√27− x
x+ 2
3
√
x4
[
2
27
].
6) lim
x→0
√
1 + x−√1− x
3
√
1 + x− 3√1− x [
3
2
].
3.6.5. Èñïîëüçóß ðåçóëüòàò ïðèìåðà 3.5.9., âû÷èñëèòü ïðåäåëû ôóíêöèé [â
êâàäðàòíûõ ñêîáêàõ óêàçàíû îòâåòû].
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1) lim
x→0
m
√
1 + αx− n√1 + βx
x
[
α
m
− β
n
].
2) lim
x→0
m
√
1 + αx · n√1 + βx− 1
x
[
β
n
+
α
m
].
3) lim
x→1
m
√
x− 1
n
√
x− 1 [
n
m
].
4) lim
x→1
(1−√x)(1− 3√x)...(1− n√x)
(1− x)n−1 [
1
n!
].
5) lim
x→∞x
1/3((x+ 1)2/3 − (x− 1)2/3) [4
3
].
5) lim
x→+∞(
3
√
x3 + 3x2 −√x2 − 2x) [2].
3.6.6.Âû÷èñëèòü ñëåäóþùèå ïðåäåëû [â êâàäðàòíûõ ñêîáêàõ óêàçàíû îòâå-
òû].
lim
x→∞(
3
√
x+ 1− 3√x) [0].
lim
x→+∞(
3
√
x3 + 3x2 −√x2 − 2x) [2].
lim
x→∞(
3
√
x3 + x2 + 1− 3√x3 − x2 + 1) [2
3
].
lim
x→+∞(
√
x2 + ax+ b−√x2 + cx+ d) [a− c
2
].
lim
x→+∞(
√
(x+ a)(x+ b)− x) [a+ b
2
].
lim
x→+∞(
√
x+
√
x+
√
x−√x) [1
2
].
4. ÈÑÏÎËÜÇÎÂÀÍÈÅ ÇÀÌÅ×ÀÒÅËÜÍÛÕ ÏÐÅÄÅËÎÂ .
4.1.Ïåðâûé çàìå÷àòåëüíûé ïðåäåë
lim
x→0
sinx
x
= 1.
4.2. Âòîðîé çàìå÷àòåëüíûé ïðåäåë
lim
x→∞(1+
1
x
)x = e
èëè
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lim
x→0
(1+ x)
1
x = e.
4.3. Ñ ïîìîùüþ âòîðîãî çàìå÷àòåëüíîãî ïðåäåëà ïîëó÷àåòñß ôîðìóëà äëß
ðàñêðûòèß íåîïðåäåëåííîñòè âèäà 1∞ , à èìåííî, åñëè U(x) → 1, à V (x) →
∞ ïðè x→ a , òî
lim
x→aU(x)
V (x) = eA , ãäå A = lim
x→a(U(x)− 1)V (x).
(Ôîðìóëà ïîëó÷àåòñß èç òîæäåñòâåííîãî ðàâåíñòâà:
U(x)V (x) =
(1 + (U(x)− 1))
1
U(x)− 1

(U(x)−1)V (x)
.
4.4. Èç âòîðîãî çàìå÷àòåëüíîãî ïðåäåëà òàêæå ïîëó÷àåì:
lim
x→0
ln(1+ x)
x
= 1.
4.5. Â ñâîþ î÷åðåäü, èç ïðåäûäóùåãî ïîëó÷àþòñß çíà÷åíèß åùå äâóõ ïðåäå-
ëîâ:
lim
x→0
ax − 1
x
= ln a.
lim
x→0
(1+ x)µ − 1
x
= µ.
5 Äëß äîêàçàòåëüñòâà ïåðâîãî èç äâóõ ðàâåíñòâ îáîçíà÷èì ax − 1 = α è
ïðîëîãàðèôìèðóåì ðàâåíñòâî ax = 1+α . Ïîëó÷èì x ln a = ln(1+α) , îòêóäà
x =
ln(1 + α)
ln a
. Òîãäà
lim
x→0
ax − 1
x
= lim
α→0
α ln a
ln(1 + α)
= ln a.
Àíàëîãè÷íî, äëß äîêàçàòåëüñòâà âòîðîãî ðàâåíñòâà îáîçíà÷èì (1+x)µ−1 = α
è ïðîëîãàðèôìèðóåì ðàâåíñòâî (1 + x)µ = 1 + α . Ïîëó÷èì: µ ln(1 + x) =
ln(1 + α) . Èç ðàâåíñòâ (1 + x)
µ − 1
x
=
α
x
=
α
ln(1 + α)
· ln(1 + α)
x
=
α
ln(1 + α)
·
µ ln(1 + x)
x
ñ ó÷åòîì òîãî, ÷òî x → 0 âëå÷åò α → 0 , è lim
α→0
α
ln(1 + α)
= 1 ,
ïîëó÷èì
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lim
x→0
(1 + x)µ − 1
x
= lim
x→0
µ ln(1 + x)
x
= µ.¤
4.6. Ïðèìåðû.
4.6.1. Ïðèìåð. lim
x→0
tg x
x
= lim
x→0
sinx
x cosx
= lim
x→0
sinx
x
· lim
x→0
1
cosx
= 1.
4.6.2. Ïðèìåð. lim
x→0
arcsinx
x
= lim
x→0
arcsin x
sin(arcsin x)
= 1.
4.6.3. Ïðèìåð. lim
x→0
arctg x
x
= lim
x→0
arctg x
tg(arctg x)
= 1.
4.6.4. Ïðèìåð. lim
x→0
1− cosx
x2
=
2 sin2
x
2
4
x2
4
= lim
x→0
1
2
sin x2
x
2
2 = 1
2
.
4.6.5. Ïðèìåð. lim
x→0
x2√
1 + x sinx−√cos x =
= lim
x→0
x2(
√
1 + x sinx+
√
cos x)
(
√
1 + x sinx−√cosx)(√1 + x sinx+√cosx) =
= lim
x→0
x2(
√
1 + x sinx+
√
cos x)
1 + x sinx− cosx = 2 limx→0
x2
1− cos x+ x sin x =
= 2 lim
x→0
1
1− cos x
x2
+
sinx
x
=(ñ ó÷åòîì ïðèìåðà 4.6.4.)= 2 1
1
2
+ 1
=
4
3
.
4.6.6. Ïðèìåð. lim
x→pi
x2 − pi2
sinx
= lim
x→pi
(x− pi)(x+ pi)
sin(pi − x) = limx→pi
(x− pi)(x+ pi)
− sin(x− pi) =
− lim
x→pi
x− pi
sin(x− pi) · limx→pi(x+ pi) = −1 · 2pi = −2pi.
4.6.7. Ïðèìåð. lim
x→pi/3
1− 2 cos x
pi − 3x = limx→pi/3
2(1/2− cos x)
3(pi/3− x) =
2
3
lim
x→pi/3
cos pi/3− cosx
pi/3− x =
2
3
lim
x→pi/3
−2 sin pi/3 + x
2
sin
pi/3− x
2
pi/3− x = =
−2
3
lim
x→pi/3
sin
pi/3 + x
2
· lim
x→pi/3
sin
pi/3− x
2
pi/3− x
2
=
21
= −2
3
(sin pi/3) · 1 = −
√
3
3
.
4.6.8. Ïðèìåð. lim
x→0
(1 + x2)ctg
2 x = {1∞} = eA , ãäå
A = lim
x→0
(1 + x2 − 1) ctg2 x = lim
x→0
x2
cos2 x
sin2 x
= lim
x→0
x2
sin2 x
· lim
x→0
cos2 x = 1.
Òàêèì îáðàçîì, lim
x→0
(1 + x2)ctg
2 x = e .
4.6.9. Ïðèìåð. lim
x→∞(sin
1
x + cos
1
x)
x = eA, ãäå
A = lim
x→∞(sin
1
x
+ cos
1
x
− 1)x =
= lim
x→∞(
sin 1x
1
x
− 1− cos
1
x
1
x2
· 1
x
) = 1− 1
2
· 0 = 1.
Òàêèì îáðàçîì, lim
x→∞(sin
1
x + cos
1
x)
x = e.
4.6.10. Ïðèìåð. lim
x→pi/2
(
tg
x
2
) 1
x−pi/2
= eA , ãäå A = lim
x→pi/2
tg x/2− 1
x− pi/2 =
= lim
x→pi/2
sin x/2− cosx/2
(cosx/2)(x− pi/2) = limx→pi/2
cos(pi/2− x/2)− cosx/2
x− pi/2 =
= lim
x→pi/2
2(sinpi/4) sin
x− pi/2
2
x− pi/2 = limx→pi/2
√
2 sin
x− pi/2
2
2 · x− pi/2
2
=
√
2
2
.
Òàêèì îáðàçîì, lim
x→pi/2
(
tg
x
2
) 1
x−pi/2
= e
√
2/2. lim
x→0
(1 + x2)ctg
2 x = {1∞} = eA , ãäå
A = lim
x→0
(1 + x2 − 1) ctg2 x =
= lim
x→0
x2
cos2 x
sin2 x
== lim
x→0
x2
sin2 x
· lim
x→0
cos2 x = 1.
Òàêèì îáðàçîì, lim
x→0
(1 + x2)ctg
2 x = e .
4.6.11. Ïðèìåð. lim
x→∞(sin
1
x + cos
1
x)
x = eA, ãäå
A = lim
x→∞(sin
1
x
+ cos
1
x
− 1)x =
22
= lim
x→∞(
sin 1x
1
x
− 1− cos
1
x
1
x2
· 1
x
) = 1− 1
2
· 0 = 1.
Òàêèì îáðàçîì, lim
x→∞(sin
1
x + cos
1
x)
x = e.
4.6.12. Ïðèìåð. lim
x→pi/2
(
tg
x
2
) 1
x−pi/2
= eA , ãäå A = lim
x→pi/2
tg x/2− 1
x− pi/2 =
= lim
x→pi/2
sin x/2− cosx/2
(cosx/2)(x− pi/2) = limx→pi/2
cos(pi/2− x/2)− cosx/2
x− pi/2 =
= lim
x→pi/2
2(sinpi/4) sin
x− pi/2
2
x− pi/2 = limx→pi/2
√
2 sin
x− pi/2
2
2 · x− pi/2
2
=
√
2
2
.
Òàêèì îáðàçîì, lim
x→pi/2
(
tg
x
2
) 1
x−pi/2
= e
√
2/2.
4.6.13. Ïðèìåð. lim
x→0
72x − 53x
2x− arctg 3x = limx→0
(72x − 1)− (53x − 1)
2x(1− arctg 3x
2x
)
=
= lim
x→0
72x − 1
2x(1− 3
2
· arctg 3x
3x
)
− lim
x→0
53x − 1
3x(1− 3
2
· arctg 3x
3x
)
· 3
2
=
= lim
x→0
72x − 1
2x
· lim
x→0
1
(1− 3
2
· arctg 3x
3x
)
− 3
2
lim
x→0
53x − 1
3x
· lim
x→0
1(
1− 3
2
· arctg 3x
3x
) =
= ln 7 · 1
1− 3
2
· 1
− 3
2
ln 5 · 1
1− 3
2
· 1
= −2 ln 7 + 3 ln 5 = ln 125
49
.
4.6.14. Ïðèìåð. lim
x→1
x2 − 1
ln x
= lim
x→1
(x− 1)(x+ 1)
ln(1 + x− 1) =
= lim
x→1
x− 1
ln(1 + (x− 1)) · limx→1(x+ 1) = 1 · 2 = 2.
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4.6.14. Ïðèìåð. lim
x→0
(
ax
2
+ bx
2
ax + bx
)1
x
= {1∞} = eA,
A = lim
x→0
(
ax
2
+ bx
2
ax + bx
− 1
)
1
x
=
(òàê êàê ax + bx −→ 2 ïðè x→ 0)
=
1
2
lim
x→0
ax
2 − ax + bx2 − bx
x
=
1
2
lim
x→0
ax(ax
2−x − 1) + bx(bx2−x − 1)
x(x− 1) · (x− 1) =
= −1
2
lim
x→0
ax
2−x − 1
x2 − x −
1
2
lim
x→0
bx
2−x − 1
x2 − x = −
1
2
(ln a+ ln b) = − ln
√
ab.
Òàêèì îáðàçîì, lim
x→0
(
ax
2
+ bx
2
ax + bx
)1
x
= e− ln
√
ab =
1√
ab
.
4.7. ÓÏÐÀÆÍÅÍÈß
4.7.1Âû÷èñëèòü ñëåäóþùèå ïðåäåëû [â êâàäðàòíûõ ñêîáêàõ óêàçàíû îòâåòû].
1) lim
x→0
sin 5x
x
[5].
2) lim
x→0
x · ctg 3x [1
3
].
3) lim
x→0
3x2 − 5x
sin 3x
[−5
3
].
4) lim
x→0
sin 7x
x2 + pix
[
7
pi
].
5) lim
x→0
tg x− sinx
sin3 x
[
1
2
].
6) lim
x→0
sin 5x− sin 3x
sin x
[2].
7) lim
x→0
cosx− cos 3x
x2
[4].
8) lim
x→0
1− cos3 x
4x2
[
1
8
].
9) lim
x→pi
1− cos2 x
(pi − x)2 [1].
10) lim
x→0
sin2 x− tg2 x
x4
[−1].
11) lim
x→a
sinx− sin a
x− a [cos a].
12) lim
x→a
tg x− tg a
x− a [
1
cos2 a
].
13) lim
x→0
1−√cos x
x sinx
[
1
4
].
14) lim
x→0
2x sinx
1− cosx [4].
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15) lim
x→0
tg x− sinx
x(1− cos 2x) [
1
4
].
16) lim
x→0
√
1− cosx2
1− cosx [
√
2].
17) lim
x→0
1−√cosx
1− cos√x [0].
18) lim
x→pi
1− sin(x/2)
pi − x [0].
19) lim
x→1
1− x2
sin pix
[
2
pi
].
20) lim
x→pi
cos 3x− cosx
tg2 2x
[−1].
21) lim
x→0
√
cos x− 3√cosx
sin2 x
[− 1
12
]. 22) lim
x→0
√
1 + tg x−√1 + sin x
x3
[
1
4
].
4.7.2. Âû÷èñëèòü ñëåäóþùèå ïðåäåëû [â êâàäðàòíûõ ñêîáêàõ óêàçàíû îòâå-
òû].
1) lim
x→∞(
x2 + 1
x2 − 1)
x3 [e3].
2) lim
x→0
x
√
1− 2x [e−2].
3) lim
x→1
(1 + sin pix)ctg pix [e−1].
4) lim
x→0
(
1 + tg x
1 + sin x
) 1
sinx [1].
5) lim
x→0
(
1 + tg x
1 + sin x
) 1
sin3 x [
√
e].
6) lim
x→a
(
sin x
sin a
) 1
x− a [ectg a].
7) lim
x→0
( cosx
cos 2x
) 1
x2 [e3/2].
8) lim
x→pi/4
(tg x)tg
2 x [
1
e
].
9) lim
x→pi/2
(sinx)tg x [1].
10) lim
x→0
(
tg(
pi
4
− x)
)ctg x
[e−2].
11) lim
x→0
x
√
cos
√
x [
1√
e
].
12) lim
x→1
(3− 2x)tg
pix
2 [e4/pi].
13) lim
x→3
(
6− x
3
)tg pix
6 [e2/pi].
14) lim
x→2pi
(cosx)
ctg 2x
sin 3x [e−1/12].
15) lim
x→a
(
2− x
a
)tg pix
2a [e2/pi].
16) lim
x→2pi
(cosx)
1
sin2 2x [e−1/8].
17) lim
x→pi/2
(
ctg
x
2
) 1
cosx [e].
18) lim
x→4pi
(cosx)
ctg x
sin 4x [e−1/4].
19) lim
x→0
(
6− 5
cosx
)ctg2 x
[e−5/2].
20) lim
x→0
(
5− 4
cosx
) 1
sin2 3x [e−2/9].
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4.7.3 Âû÷èñëèòü ñëåäóþùèå ïðåäåëû [â êâàäðàòíûõ ñêîáêàõ óêàçàíû îòâå-
òû].
1) lim
x→0
62x − 7−2x
sin 3x− 2x [ln 1764].
2) lim
x→0
32x − 53x
arctg x+ x3
[ln
9
125
].
3) lim
x→0
35x − 2x
x− sin 9x [
1
8
ln
2
243
].
4) lim
x→0
ex − e3x
3x− tg 2x [−2].
5) lim
x→0
e2x − ex
x+ tg(x2)
[1].
6) lim
x→0
23x − 32x
x+ arcsin(x3)
[ln
8
9
].
7) lim
x→0
9x − 23x
arctg 2x− 7x [
1
5
ln
8
9
].
8) lim
x→0
ex − e−2x
x+ sin(x2)
[3].
9) lim
x→0
35x − 2−7x
2x− tg x [
1
2
ln(35 · 27)].
10) lim
x→0
ln x− ln a
x− a [
1
a
].
11) lim
x→1
√
x2 − x+ 1− 1
lnx
[
1
2
].
12) lim
x→0
ln(x2 + 1)
1−√x2 + 1 [−2].
13) lim
x→0
ln(1 + sin x)
sin 4x
[
1
4
].
14) lim
x→0
1− cos 10x
ex2 − 1 [50].
15) lim
x→0
ax
2 − bx2
(ax − bx)2 [
1
ln
a
b
].
16) lim
x→0
(x+ ex)
1
x [e2].
17) lim
x→0
(
1 + x · 2x
1 + x · 3x
) 1
x2 [
2
3
].
18) lim
x→a
aa
x − axa
ax − xa [a
aa ln a].
19) lim
h→0
ax+h − ax−h − 2ax
h2
[ax ln2 a].
20) lim
x→0
(
ax + bx + cx
3
)1
x [ 3
√
abc].
5. ÏÅÐÅÕÎÄ Ê ÝÊÂÈÂÀËÅÍÒÍÛÌ ÔÓÍÊÖÈßÌ
ÏÐÈ ÂÛ×ÈÑËÅÍÈÈ ÏÐÅÄÅËÎÂ.
5.1. Îïðåäåëåíèå. Ôóíêöèè f(x) è g(x) íàçûâàþòñß ýêâèâàëåíòíûìè ïðè
x→ a ( ïèøóò f(x) ∼ g(x) ( x→ a)), åñëè
lim
x→a
f(x)
g(x)
= 1.
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5.2. Òåîðåìà. Åñëè f(x) ∼ g(x)(x → a) , è ñóùåñòâóåò lim
x→a f(x)h(x) , òî
ñóùåñòâóåò lim
x→a g(x)h(x) , è limx→a f(x)h(x) = limx→a g(x)h(x).
5.3. Ïðèâåäåì ðßä ýêâèâàëåíòíîñòåé, èñïîëüçóåìûõ ïðè âû÷èñëåíèè ïðåäå-
ëîâ.
sinx ∼ x (x→ 0),
arcsin x ∼ x (x→ 0),
tg x ∼ x (x→ 0),
arctg x ∼ x (x→ 0),
1− cosx ∼ 1
2
x2 (x→ 0),
ln(1 + x) ∼ x (x→ 0),
ax − 1 ∼ x ln a (x→ 0),
ex − 1 ∼ x (x→ 0),
(1 + x)µ ∼ µx (x→),
n
√
1 + x− 1 ∼ 1
n
x (x→ 0).
5.4. Ïðèìåðû.
5.4.1. Ïðèìåð. lim
x→pi
sin(
x2
pi
)
2
√
sinx+1 − 2 = limx→pi
sin(pi − x
2
pi
)
2(2
√
sinx+1−1 − 1) =
= lim
x→pi
pi − x
2
pi
2(
√
sinx+ 1− 1) ln 2 = limx→pi
pi2 − x2
2pi · 1
2
sinx · ln 2
=
= lim
x→pi
(pi − x)(pi + x)
pi sin(pi − x) · ln 2 =
2
ln 2
.
(Çäåñü ìû ïðèìåíèëè ñëåäóþùèå ýêâèâàëåíòíîñòè:
sin(pi − x
2
pi
) ∼ pi − x
2
pi
(òàê êàê pi − x
2
pi
→ 0 ïðè x→ pi) ,
2
√
sinx+1−1 − 1 ∼ (√sinx+ 1− 1) ln 2 (òàê êàê √sinx+ 1− 1→ 0
ïðè x→ pi) ,√
sinx+ 1− 1 ∼ 1
2
sinx (òàê êàê sinx→ 0 ïðè x→ pi) .)
5.4.2. Ïðèìåð. lim
x→2
tg(ln(3x− 5))
ex+3 − ex2+1 = limx→2
ln(3x− 5)
ex2+1(ex+3−x2−1 − 1) =
=
1
e5
lim
x→2
ln(1 + (3x− 6))
x− x2 + 2 = −
1
e5
lim
x→2
3x− 6
(x− 2)(x+ 1) =
27
= − 3
e5
lim
x→2
x− 2
(x− 2)(x+ 1) =
1
e5
.
(Çäåñü ìû ïðèìåíèëè ñëåäóþùèå ýêâèâàëåíòíîñòè:
tg(ln(3x− 5)) ∼ ln(3x− 5) (òàê êàê ln(3x− 5)→ 0 ïðè x→ 2),
ex−x
2+2 − 1 ∼ x− x2 + 2 (òàê êàê x− x2 + 2→ 0 ïðè x→ 2),
ln(1 + (3x− 6)) ∼ 3x− 6 (òàê êàê 3x− 6→ 0 ïðè x→ 2).)
5.5. ÓÏÐÀÆÍÅÍÈß
5.5.1 Âû÷èñëèòü ñëåäóþùèå ïðåäåëû [â êâàäðàòíûõ ñêîáêàõ óêàçàíû îòâå-
òû].
1) lim
x→0
ln(tg(
pi
4
+ ax))
sin bx
[
2a
b
].
2) lim
x→pi/2
ln(sin x)
(2x− pi)2 [−
1
8
].
3) lim
x→1
3
√
1 + ln2 x− 1
1 + cos(pix)
[
2
3pi2
].
4) lim
x→1
sin2(pi2x)
ln(cos(pi2x))
[−2].
5) lim
x→pi
(x3 − pi3) sin(5x)
esin
2 x − 1 [−15pi
2].
6) lim
x→a
ax
2−a2 − 1
tg(ln(
x
a
)
[2a2 ln a].
7) lim
x→pi
ln(cos 2x)
ln(cos 4x)
[−1
4
].
8) lim
x→0
ex − e−x
tg 2x− sinx [2].
9) lim
x→−2
arcsin(
x+ 2
2
)
3
√
2+x+x2 − 9 [−
2
27
ln 3].
10) lim
x→2pi
ln(cos x)
3sin 2x − 1 [0].
11) lim
x→−2
tg(ex+2 − ex2−4)
tg x+ tg 2
[
5
cos2 2
].
12) lim
x→pi
ln(2 + cos x)
(3sinx − 1)2 [
1
2 ln2 3
].
13) lim
x→−1
tg(x+ 1)
e
3
√
x3−4x2+6 − e [
3
11e
].
14) lim
x→pi
tg(3pi/x − 3)
3cos(3x/2) − 1 [−
2
pi
].
15) lim
x→3
ln(2x− 5)
esinpix − 1 [−
2
pi
].
16) lim
x→pi/2
esin 2x − etg 2x
ln
2x
pi
[−2pi].
17) lim
x→0
eαx − eβx
sin(αx)− sin(βx) [1].
18) lim
x→0
ax
2 − bx2
(ax − bx)2 [
1
ln
a
b
].
19) lim
x→0
ln(1 + xex)
ln(x+
√
1 + x2)
[1].
20) lim
x→0
cos(xex)− cos(xe−x)
x3
[−2].
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21) lim
h→0
arctg(x+ h)− arctg x
h
[
1
1 + x2
].
22) lim
x→0
ln
1 + x
1− x
arctg(1 + x)− arctg(1− x) [2].
II. ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÅ ÈÑ×ÈÑËÅÍÈÅ
ÔÓÍÊÖÈÉ ÎÄÍÎÉ ÏÅÐÅÌÅÍÍÎÉ
6. ÏÐÎÈÇÂÎÄÍÀß ßÂÍÎÉ ÔÓÍÊÖÈÈ
6.1. Îïðåäåëåíèå ïðîèçâîäíîé.Ïóñòü ôóíêöèß f îïðåäåëåíà â íåêîòîðîé
îêðåñòíîñòè òî÷êè x . Ôóíêöèß f íàçûâàåòñß äèôôåðåíöèðóåìîé â òî÷êå x ,
åñëè ñóùåñòâóåò
lim
h→0
f(x+ h)− f(x)
h
.
Ýòîò ïðåäåë íàçûâàåòñß ïðîèçâîäíîé f â òî÷êå x è îáîçíà÷àåòñß f ′(x).
Ôóíêöèß íàçûâàåòñß äèôôåðåíöèðóåìîé íà èíòåðâàëå, åñëè îíà äèôôåðåí-
öèðóåìà â êàæäîé òî÷êå ýòîãî èíòåðâàëà.
Íà ïðàêòèêå ïðîèçâîäíóþ ôóíêöèè ÷àùå âû÷èñëßþò ñ ïîìîùüþ îñíîâíûõ
ïðàâèë äèôôåðåíöèðîâàíèß, èñïîëüçóß óæå èçâåñòíûå ïðîèçâîäíûå ýëåìåí-
òàðíûõ ôóíêöèé.
6.2. Ïðîèçâîäíûå ýëåìåíòàðíûõ ôóíêöèé.
(xn)′ = nxn−1 (n êîíñòàíòà), sin′ x = cos x, cos′ x = − sinx,
tg′ x =
1
cos2 x
, ctg′ x = − 1
sin2 x
,
arcsin′ x =
1√
1− x2 , arccos
′ x = − 1√
1− x2 ,
arctg′ x =
1
1 + x2
, arcctg′ x = − 1
1 + x2
,
(ax)′ = ax ln a, (ex)′ = ex, (loga x)
′ =
1
x ln a
, ln′ x =
1
x
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sh′x = chx, ch′ x = shx, th′ x = 1
ch2 x
, cth′ x = − 1
sh2 x
.
6.3. Îñíîâíûå ïðàâèëà äèôôåðåíöèðîâàíèß.
6.3.1. Ïðîèçâîäíûå ñóììû, ïðîèçâåäåíèß è ÷àñòíîãî. Åñëè ôóíêöèè f è g
äèôôåðåíöèðóåìû â òî÷êå x è Cêîíñòàíòà, òî
(Cf(x))′ = Cf ′(x);
(f(x) + g(x))′ = f ′(x) + g′(x);
(f(x)g(x))′ = f ′(x)g(x) + f(x)g′(x);(
f(x)
g(x)
)′
=
f ′(x)g(x)− f(x)g′(x)
g2(x)
.
6.3.2. Ïðîèçâîäíàß ñëîæíîé ôóíêöèè. Åñëè ôóíêöèß g äèôôåðåíöèðóåìà â
òî÷êå x , ôóíêöèß f äèôôåðåíöèðóåìà â òî÷êå g(x) , òî
(f(g(x)))′ = f ′(g(x))g′(x).
6.3.3. Ïðîèçâîäíàß ôóíêöèè âèäà f(x)g(x). Ïî ñâîéñòâàì 6.3.1.è 6.3.2. åñëè
ôóíêöèè f è g äèôôåðåíöèðóåìû â òî÷êå x è f(x) > 0 , òî(
f(x)g(x)
)′
=
(
eg(x) ln f(x)
)′
= f(x)g(x)
(
g′(x) ln(f(x)) +
f ′(x)g(x)
f(x)
)
.
Ïðè äèôôåðåíöèðîâàíèè ôóíêöèè, çàäàííîé ôèãóðíîé ñêîáêîé, ïîëüçóþòñß
ñëåäóþùèì ñâîéñòâîì ïðîèçâîäíîé.
6.4. Ïóñòü
f ′−(x) = lim
h→0−
f(x+ h)− f(x)
h
, f ′+(x) = lim
h→0+
f(x+ h)− f(x)
h
(ýòè ïðåäåëû íàçûâàþòñß ñîîòâåòñòâåííî ëåâîé è ïðàâîé ïðîèçâîäíîé ôóíê-
öèè f â òî÷êå x .) Ôóíêöèß f â òî÷êå x äèôôåðåíöèðóåìà òîãäà è òîëüêî
òîãäà, êîãäà
f ′−(x) = f
′
+(x) = f
′(x).
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6.5. Ïðèìåðû.
6.5.1. Íàéòè f ′(1), åñëè f(x) = (x− 1)(x− 2)2(x− 3)3.
5 Íàéäåì f ′(1) ñ ïîìîùüþ îïðåäåëåíèß.
f ′(1) = lim
h→0
f(1 + h)− f(1)
h
= lim
h→0
(1 + h− 1)(1 + h− 2)2(1 + h− 3)3 − 0
h
=
= lim
h→0
h(h− 1)2(h− 2)3
h
= (−1)2(−2)3 = −8.¤
6.5.2. Íàéòè f ′(x), åñëè f(x) =
√
x+
√
x+
√
x.
5 Ïî ôîðìóëå ïðîèçâîäíîé ñëîæíîé ôóíêöèè
f ′(x) =
1
2
(
x+
√
x+
√
x
) 1
2−1(
x+
√
x+
√
x
)′
=
=
1
2
(
x+
√
x+
√
x
)− 12 (
1 +
1
2
(
x+
√
x
) 1
2−1 (x+√x)′) =
=
1
2
(
x+
√
x+
√
x
)− 12 (
1 +
1
2
(
x+
√
x
)− 12 (1 + 1
2
√
x
))
.¤
6.5.3. Íàéòè f ′(x), åñëè f(x) = cos x ln tg
(
x
2
)
.
5 Ïî ôîðìóëàì ïðîèçâîäíîé ïðîèçâåäåíèß è ïðîèçâîäíîé ñëîæíîé ôóíêöèè
f ′(x) = cos′ x ln tg
x
2
+ cos x
(
ln tg
x
2
)′
= − sin x ln tg x
2
+
cosx
tg x2
(
tg
x
2
)′
=
= − sin x ln tg x
2
+
cosx
tg x2
1
cos2 x2
(x
2
)′
= − sinx ln tg x
2
+
cosx
tg x2 cos
2 x
2
1
2
=
= − sinx ln tg x
2
+
cosx
2 tg x2 cos
2 x
2
.¤
6.5.4. Íàéòè f ′(x), åñëè f(x) = (arccos x)x.
5 Çàïèøåì ôóíêöèþ â ñëåäóþùåì âèäå f(x) = eln(arccosx)x = ex ln arccosx.
Òåïåðü ïî ôîðìóëå ïðîèçâîäíîé ñëîæíîé ôóíêöèè
f ′(x) = ex ln arccosx (x ln arccos x)′ =
= (arccos x)x
(
ln arccos x+
x
arccos x
(arccos x)′
)
=
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= (arccos x)x
(
ln arccosx+
x
arccosx
(
− 1√
1− x2
))
=
= (arccos x)x
(
ln arccos x− x√
1− x2 arccos x
)
.
Òàêæå ìîæíî áûëî èñïîëüçîâàòü ôîðìóëó 6.3.3.¤
6.5.5. Íàéòè f ′(x), åñëè
f(x) =

1− x ïðè −∞ < x < 1,
(1− x)(2− x) ïðè 1 ≤ x ≤ 2,
−(2− x), ïðè 2 < x+∞.
5 Âî âñåõ òî÷êàõ ÷èñëîâîé ïðßìîé, çà èñêëþ÷åíèåì òî÷åê x = 1 è x = 2 ,
ïðîèçâîäíàß âû÷èñëßåòñß ïî îñíîâíûì ïðàâèëàì è
f ′(x) =

−1 ïðè −∞ < x < 1,
−3 + 2x ïðè 1 < x < 2,
1, ïðè 2 < x < +∞.
Ïîñ÷èòàåì f ′(1) è f ′(2). Âíà÷àëå, â òî÷êàõ x = 1 è x = 2 íàéäåì ëåâûå è
ïðàâûå ïðîèçâîäíûå f ′−(1), f ′+(1) è f ′−(2), f ′+(2) :
f ′−(1) = lim
h→0−
(1− (1 + h))− 0
h
= lim
h→0−
−h
h
= −1,
f ′+(1) = lim
h→0+
(1− (1 + h))(2− (1 + h))− 0
h
= lim
h→0+
−h(1− h)
h
= −1.
Òàê êàê f ′−(1) = f ′+(1) , òî
f ′(1) = f ′−(1) = f
′
+(1) = −1.
Àíàëîãè÷íî
f ′−(2) = lim
h→0−
(1− (2 + h))(2− (2 + h))− 0
h
= lim
h→0−
(−1− h)(−h)
h
= 1,
f ′+(2) = lim
h→0+
−(2− (2 + h))− 0
h
= lim
h→0+
h
h
= 1.
Çíà÷èò f ′(2) = 1.¤
6.5.6. Íàéòè f ′(x), åñëè f(x) =| x | .
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5 Âî âñåõ òî÷êàõ ÷èñëîâîé ïðßìîé, çà èñêëþ÷åíèåì òî÷êè x = 0 ïðîèçâîä-
íàß âû÷èñëßåòñß ïî îñíîâíûì ïðàâèëàì è
f ′(x) =
{
−1 ïðè −∞ < x < 0,
1, ïðè 0 < x < +∞.
Íàéäåì f ′−(0) , f ′+(0) .
f ′−(0) = lim
h→0−
| h | −0
h
= lim
h→0−
−h
h
= −1,
f ′+(0) = lim
h→0+
| h | −0
h
= lim
h→0+
h
h
= 1.
Òàê êàê ëåâàß è ïðàâàß ïðîèçâîäíûå â òî÷êå x = 0 íå ñîâïàäàþò, òî ôóíêöèß
f(x) =| x | â ýòîé òî÷êå íå äèôôåðåíöèðóåìà.¤
6.6. ÓÏÐÀÆÍÅÍÈß
6.6.1. Èñõîäß èç îïðåäåëåíèß, íàéòè ïðîèçâîäíûå ñëåäóþùèõ ôóíêöèé:
1)y = 3
√
x, 2)y = arcsin x, 3)y = arctg x.
6.6.2. Íàéòè f ′(2) , åñëè f(x) = x2 sin(x− 2) .
6.6.3. Ïîëüçóßñü òàáëèöåé ïðîèçâîäíûõ è ïðàâèëàìè äèôôåðåíöèðîâàíèß,
íàéòè ïðîèçâîäíûå ñëåäóþùèõ ôóíêöèé:
1)y =
x√
a2 − x2 ,
2)y =
3
√
1 + x3
1− x3 ,
3)y =
√
x+
√
x+
√
x,
4)y = sin(sin(sin x)),
5)y = tg
x
2
− ctg x
2
,
6)y = 3
√
ctg2 x+ 3
√
ctg8 x,
7)y = 2tg
1
x ,
8)y = ex + ex
x
+ ex
xx
,
9)y =
(a
b
)x( b
x
)a (x
a
)b
,
10)y = xa
a
+ ax
a
+ aa
x
,
11)y = ln
x2 − 1
x2 + 1
,
12)y = ln(ln2(ln3 x)),
13)y = ln3 x2,
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14)y = ln(x+
√
x2 + 1),
15)y = x ln2(x+
√
x2 + 1)−2
√
x2 + 1,
16)y = ln tg
x
2
,
17)y = x(sin ln x− cos ln x),
18)y = arccos
1
x
,
19)y = arcsin(sin x),
20)y = arccos(cos2 x),
21)y = arctg
1 + x
1− x,
22)y = arcsin
1− x2
1 + x2
,
22)y =
1
arccos2 x2
,
23)y = ln(1+sin2 x)−2 sin x arctg(sin x),
24)y =
arccos x
x
+
1
2
ln
1−√1− x2
1 +
√
1− x2 ,
25)y = arctg(tg2 x),
26)y =
√
x2 + 1 ln
√
1− x
1 + x
+ arcsinx,
27)y = logx e
28)y = x+ xx + xx
x
,
29)y = x
√
x,
30)y = (sin x)cosx + (cos x)sinx,
31)y =
(ln x)x
xlnx
,
32)y = ln chx+
1
2 ch2 x
,
33)y = ln
ch x
sh2 x
+ ln cth
x
2
,
34)y = arccos
1
chx
,
35)y = arctg(th x).
6.6.4. Íàéòè ïðîèçâîäíûå ñëåäóþùèõ ôóíêöèé:
1)f(x) =
{
x ïðè x < 0,
ln(1 + x) ïðè 0 ≥ x.
2)f(x) = x | x | .
6.6.5. Íàéòè ëåâóþ è ïðàâóþ ïðîèçâîäíóþ, åñëè:
1)f(x) =
x
1 + e
1
x
,ïðè x 6= 0, f(0) = 0,
2)f(x) =
√
1− e−x2.
3)f(x) =
{
1 + 1x ïðè x < 0,√
1 +
3
√
x4 ïðè 0 ≥ x.
4)f(x) =
{
arctg 1+x1−x ïðè x 6= 0,
pi
2 ïðè x = 0.
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7. ÏÐÎÈÇÂÎÄÍÀß ÎÁÐÀÒÍÎÉ ÔÓÍÊÖÈÈ.
ÏÐÎÈÇÂÎÄÍÀß ÔÓÍÊÖÈÈ, ÇÀÄÀÍÍÎÉ ÏÀÐÀÌÅÒÐÈ×ÅÑÊÈ.
ÏÐÎÈÇÂÎÄÍÀß ÍÅßÂÍÎÉ ÔÓÍÊÖÈÈ
7.1. Ïðîèçâîäíàß îáðàòíîé ôóíêöèè. Ïóñòü ôóíêöèß f(x) îáëàäàåò íåïðå-
ðûâíîé ïðîèçâîäíîé íà èíòåðâàëå (a, b) , ïðè÷åì f ′(x) 6= 0 ∀x ∈ (a, b) . Òîãäà
f(x) íà èíòåðâàëå (a, b) èìååò îäíîçíà÷íóþ äèôôåðåíöèðóåìóþ îáðàòíóþ
ôóíêöèþ x = ϕ(y) = f−1(y) è ∀y0 = f(x0)
ϕ′(y0) =
1
f ′(x0)
.
7.2. Ïðîèçâîäíàß ôóíêöèè, çàäàííîé ïàðàìåòðè÷åñêè. Ïóñòü ôóíêöèè x =
ϕ(t) è y = ψ(t) äèôôåðåíöèðóåìû èíòåðâàëå (α, β) , ïðè÷åì ïðîèçâîäíàß
x′(t) íåïðåðûâíà è x′(t) 6= 0 ∀t ∈ (α, β) . Òîãäà íà èíòåðâàëå (ϕ(α), ϕ(β))
îïðåäåëåíà îäíîçíà÷íàß äèôôåðåíöèðóåìàß ôóíêöèß îò ïåðåìåííîé x âèäà
f(x) = ψ(ϕ−1(x)) è ∀x0 = ϕ(t0)
f ′x(x0) =
ψ′(t0)
ϕ′(t0)
.
7.3. Ïðîèçâîäíàß ôóíêöèè, çàäàííîé íåßâíî. Åñëè ôóíêöèß f(x) çàäàíà
íåßâíî óðàâíåíèåì F (x, y) = 0 , òî, äèôôåðåíöèðóß òîæäåñòâî
F (x, f(x)) = 0
êàê ñëîæíóþ ôóíêöèþ, ìîæíî íàéòè f ′x(x) .
7.4. Ïðèìåðû.
7.4.1. Âûäåëèòü îäíîçíà÷íûå íåïðåðûâíûå âåòâè îáðàòíîé ôóíêöèè x =
x(y) è íàéòè èõ ïðîèçâîäíûå, åñëè f(x) = 2x2 − x4. Íàéòè x′(0) .
5 Ôóíêöèß f(x) = 2x2 − x4 ßâëßåòñß äèôôåðåíöèðóåìîé è åå ïðîèçâîäíàß
f ′(x) = 4x− 4x3 íåïðåðûâíà. Â òî÷êàõ x = 0, x = 1, è x = −1 ïðîèçâîäíàß
f ′(x) = 4x−4x3 = 0. Ýòè òî÷êè ðàçáèâàþò ÷èñëîâóþ ïðßìóþ íà 4 èíòåðâàëà
(∞,−1), (−1, 0), (0, 1), (1,∞) . Îáîçíà÷èì
f1(x) = f(x)(x ∈ (∞,−1)), f2(x) = f(x)(x ∈ (−1, 0)),
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f3(x) = f(x)(x ∈ (0, 1)), f4(x) = f(x)(x ∈ (1,∞)).
Ïðîèçâîäíûå f ′i(x) 6= 0(i = 1, 2, 3, 4) , çíà÷èò îïðåäåëåíû îäíîçíà÷íûå äèô-
ôåðåíöèðóåìûå îáðàòíûå ôóíêöèè xi(y) = f−1i (y)(i = 1, 2, 3, 4) . Ýòè îá-
ðàòíûå ôóíêöèè ßâëßþòñß îäíîçíà÷íûìè íåïðåðûâíûìè âåòâßìè îáðàòíîé
ôóíêöèè x = x(y) è äëß y = 2x2 − x4
(f−1i )
′(y) =
1
4x− 4x3 (i = 1, 2, 3, 4).
Äëß òîãî, ÷òîáû íàéòè x′(0) , ñíà÷àëà âûßñíèì, ïðè êàêèõ çíà÷åíèßõ x ïåðå-
ìåííàß y = 0 . Äëß ýòîãî ðåøèì óðàâíåíèå 2x2−x4 = 0 . Êîðíßìè óðàâíåíèß
ßâëßþòñß çíà÷åíèß x = 0 , x =
√
2 , x = −√2 . Òî÷êà x = 0 ßâëßåòñß ãðà-
íèöåé îäíîãî èç èíòåðâàëîâ, óêàçàííûõ âûøå, ïîýòîìó îáðàòíàß ôóíêöèß
íå îïðåäåëåíà îäíîçíà÷íî, ñëåäîâàòåëüíî ïðîèçâîäíàß íå îïðåäåëåíà. Òî÷êà
x =
√
2 ∈ (1,∞) , ñëåäîâàòåëüíî, x = √2 = x4(0) , ïðîèçâîäíàß ñ÷èòàåòñß ïî
ôîðìóëå, âûâåäåííîé âûøå è
x′(0) = (f−14 )
′(0) =
1
4
√
2− 4√23
=
1
4
√
2(1− 2) =
−1
4
√
2
.
Àíàëîãè÷íî ïðè x = −√2 = x1(0) ïðîèçâîäíàß
x′(0) = (f−11 )
′(0) =
1
−4√2 + 4√23
=
1
4
√
2
.¤
7.4.2. Íàéòè ïðîèçâîäíóþ f ′x(x) îò ôóíêöèè y = f(x) , çàäàííîé ïàðàìåòðè-
÷åñêè óðàâíåíèßìè x = −1 + 2t − t2, y = 2 − 3t + t3 . ×åìó ðàâíà f ′x(x) ïðè
x = 0 è x = −1 .
5 Ïðîäèôôåðåíöèðóåì x(t) è y(t) . Ïîëó÷àåì ïðîèçâîäíûå
x′(t) = 2− 2t, y′(t) = −3 + 3t2.
Ïðîèçâîäíàß x′(t) = 2 − 2t = 0 ïðè t = 1 . Ñëåäîâàòåëüíî, äàííûìè ïà-
ðàìåòðè÷åñêèìè óðàâíåíèßìè îïðåäåëåíû äâå îäíîçíà÷íûå äèôôåðåíöèðó-
åìûå ôóíêöèè: f1(x) ïðè t < 1 è f2(x) ïðè t > 1 . Ïðè t 6= 1 ïðîèçâîäíûå
îáåèõ ôóíêöèé èìåþò âèä
f ′x(x) =
−3 + 3t2
2− 2t =
3(1 + t)
2
.
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Òàê êàê x = −1 ïðè t = 0 è t = 2 , òî
(f1)
′(−1) = −3 + 3 · 0
2− 2 · 0 =
−3
2
(f2)
′(−1) = −3 + 3 · (2)
2
2− 2 · 2 =
−9
2
.
Â òî÷êå t = 1 (ò.å. ïðè x = 0) ïðîèçâîäíàß f ′(x) íå ìîæåò áûòü íàéäåíà ïî
ôîðìóëå èç 7.2. Ïîïðîáóåì íàéòè ïðîèçâîäíóþ ïî îïðåäåëåíèþ:
f ′x(0) = lim
h→0
f(0 + h)− f(0)
h
= lim
t→0
y(1 + t)− y(1)
x(1 + t)− x(1) =
= lim
t→0
2− 3(1 + t) + (1 + t)3 − 0
−1 + 2(1 + t)− (1 + t)2 − 0 =
= lim
t→0
3t2 + t3
−t2 = −3.¤
7.4.3. Íàéòè ïðîèçâîäíóþ y′x(x) îò ôóíêöèè y = f(x) , çàäàííîé íåßâíî
ñëåäóþùèì óðàâíåíèåì
x2 + 2xy − y2 = 2x.
×åìó ðàâíî y′x(x) ïðè x = 2, y = 4 è ïðè x = 2, y = 0 .
5 Çàïèøåì äàííîå óðàâíåíèå â âèäå x2 + 2xy(x)− y2(x) = 2x è ïðîäèôôå-
ðåíöèðóåì åãî êàê ñëîæíóþ ôóíêöèþ. Ïîëó÷àåì
2x+ 2y(x) + 2xy′(x)− 2y(x)y′(x) = 2.
Îòêóäà âûðàæàåì
y′x(x) =
2− 2x− 2y(x)
2x− 2y(x) =
1− x− y(x)
x− y(x) .
Ñëåäîâàòåëüíî,
ïðè x = 2, y = 4 ïðîèçâîäíàß y′x(2) =
1− 2− 4
2− 4 =
5
2
,
ïðè x = 2, y = 0 ïðîèçâîäíàß y′x(2) =
1− 2− 0
2− 0 =
−1
2
.¤
7.4.3. Íàéòè ïðîèçâîäíóþ y′x(x) îò ôóíêöèè y = f(x) , çàäàííîé â ïîëßðíîé
ñèñòåìå êîîðäèíàò r = a(1 + cosϕ) , ãäå r =
√
x2 + y2, ϕ = arctgyx .
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5 Ìîæíî ñ÷èòàòü, ÷òî ôóíêöèß y = f(x) çàäàíà ïàðàìåòðè÷åñêè ñ ïàðà-
ìåòðîì ϕ ñëåäóþùèìè óðàâíåíèßìè
x = r cosϕ = a(1 + cosϕ) cosϕ,
y = r sinϕ = a(1 + cosϕ) sinϕ.
Íàéäåì ïðîèçâîäíûå
x′(ϕ) = −a sinϕ cosϕ− a(1 + cosϕ) sinϕ =
= −2a sinϕ cosϕ− a sinϕ = −a(sin 2ϕ+ sinϕ) = −2a sin
(
3ϕ
2
)
cos
ϕ
2
,
y′(ϕ) = −a sin2 ϕ+a(1+cosϕ) cosϕ) = a(cos 2ϕ+cosϕ) = 2a cos
(
3ϕ
2
)
cos
ϕ
2
.
Çàìåòèì, ÷òî x′(ϕ) = 0 ïðè ϕ = 0,±2pi3 . Òîãäà, ïðè ϕ 6= 0,±2pi3 , ïî ôîðìóëå
ïóíêòà 7.2,
f ′x(x) =
y′(ϕ)
x′(ϕ)
=
2a cos
(3ϕ
2
)
cos ϕ2
−2a sin (3ϕ2 ) cos ϕ2 = ctg
(
3ϕ
2
)
.¤
7.5. ÓÏÐÀÆÍÅÍÈß
7.5.1 Ïîêàçàòü, ÷òî ñóùåñòâóåò îäíîçíà÷íàß äèôôåðåíöèðóåìàß îáðàòíàß
ôóíêöèß y(x) , óäîâëåòâîðßþùàß óðàâíåíèþ y3 + 3y = x è íàéòè åå ïðîèç-
âîäíóþ.
7.5.2. Âûäåëèòü îäíîçíà÷íûå íåïðåðûâíûå âåòâè îáðàòíîé ôóíêöèè
x = x(y) è íàéòè èõ ïðîèçâîäíûå, åñëè
1) =
x2
1 +−x2 ,
2) = 2e−x − e−2x.
7.5.3.Íàéòè ïðîèçâîäíûå y′x(x) îò ôóíêöèé, çàäàííûõ ïàðàìåòðè÷åñêè óðàâ-
íåíèßìè
1)x = sin2 t, y = cos2 t,
2)x = ch t, y = sh t,
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3)x = e2t cos2 t, y = e2t sin2 t,
4)x = arcsin
t
1 + t2
, y = arccos
1
1 + t2
.
7.5.4. Íàéòè ïðîèçâîäíûå y′x(x) îò ôóíêöèé, çàäàííûõ íåßâíî
1)y2 = 2px,
2)
x2
a2
+
y2
b2
= 1,
3)x
2
3 + y
2
3 = a
2
3 .
7.5.5. Íàéòè ïðîèçâîäíûå y′x(x) îò ôóíêöèé, çàäàííûõ â ïîëßðíîé ñèñòåìå
êîîðäèíàò 1)r = aϕ, , 2)r = aemϕ, ãäå r =
√
x2 + y2 , ϕ = arctg yx .
8. ÃÅÎÌÅÒÐÈ×ÅÑÊÈÉ ÑÌÛÑË ÏÐÎÈÇÂÎÄÍÎÉ
8.1. Åñëè ôóíêöèß f äèôôåðåíöèðóåìà â òî÷êå x , òî ïðîèçâîäíàß f ′(x)
ðàâíà óãëîâîìó êîýôôèöèåíòó êàñàòåëüíîé ê ãðàôèêó ôóíêöèè, ïðîâåäåííîé
â òî÷êå (x, f(x)) .
8.2. Óðàâíåíèß êàñàòåëüíîé è íîðìàëè. Óðàâíåíèå êàñàòåëüíîé ê ãðàôèêó
äèôôåðåíöèðóåìîé ôóíêöèè y = f(x) , ïðîâåäåííîé â òî÷êå (x0, f(x0)) èìååò
âèä:
y − f(x0) = f ′(x0)(x− x0).
Óðàâíåíèå íîðìàëè ê ãðàôèêó äèôôåðåíöèðóåìîé ôóíêöèè y = f(x) , ïðî-
âåäåííîé â òî÷êå (x0, f(x0)) èìååò âèä:
y − f(x0) = −1
f ′(x0)
(x− x0).
Ãîâîðßò, ÷òî êðèâûå y = f1(x) è y = f2(x) ïåðåñåêàþòñß ïîä óãëîì α , åñëè
ïîä óãëîì α ïåðåñåêàþòñß êàñàòåëüíûå ê ýòèì êðèâûì, ïðîâåäåííûå â òî÷êå
ïåðåñå÷åíèß x0 . Óãîë α =| arctg f ′1(x0)− arctg f ′2(x0) | .
8.3. Áåñêîíå÷íàß ïðîèçâîäíàß. Åñëè ôóíêöèß f íåïðåðûâíà â òî÷êå x è
lim
h→0
f(x+ h)− f(x)
h
=∞,
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òî ãîâîðßò, ÷òî â òî÷êå x ôóíêöèß èìååò áåñêîíå÷íóþ ïðîèçâîäíóþ. Â ýòîì
ñëó÷àå êàñàòåëüíàß ê ãðàôèêó ôóíêöèè f â òî÷êå (x, f(x)) ïåðïåíäèêóëßðíà
îñè Ox .
8.4. Ïðèìåðû.
8.4.1. Íàïèñàòü óðàâíåíèß êàñàòåëüíîé è íîðìàëè ê êðèâîé
y = (x+ 1) 3
√
3− x
â òî÷êàõ A(−1, 0) , B(2, 3) è C(3, 0) .
5 Íàéäåì ïðîèçâîäíóþ îò äàííîé ôóíêöèè:
y′(x) = 3
√
3− x− x+ 1
3 3
√
(3− x)2 .
Òàê êàê y′(−1) = √4 , y(−1) = 0 , òî óðàâíåíèå êàñàòåëüíîé ê ãðàôèêó
äàííîé ôóíêöèè â òî÷êå A èìååò âèä: y =
√
4(x+ 1).
Òàê êàê y′(2) = 0 , y(2) = 3 , òî êàñàòåëüíàß ê ãðàôèêó ôóíêöèè â òî÷êå B
ïàðàëëåëüíà îñè Ox . Óðàâíåíèå êàñàòåëüíîé â òî÷êå B èìååò âèä : y = 3 .
Â òî÷êå C(3, 0) ôóíêöèß èìååò áåñêîíå÷íóþ ïðîèçâîäíóþ, òàê êàê
lim
h→0
f(x+ h)− f(x)
h
= lim
h→0
(4 + h) 3
√
h− 0
h
=∞.
Çíà÷èò êàñàòåëüíàß ê ãðàôèêó ôóíêöèè â òî÷êå C(3, 0) ïåðïåíäèêóëßðíà
îñè Ox è åå óðàâíåíèå x = 0.¤
8.4.2. Îïðåäåëèòü óãîë ìåæäó ëåâîé è ïðàâîé êàñàòåëüíûìè ê êðèâîé
y =
√
1− e−a2x2 â òî÷êå x = 0.
5 Íàéäåì f ′−(0), f ′+(0) .
f ′−(0) = lim
h→0−
√
1− e−a2h2 − 0
h
= lim
h→0−
| ah |
h
= − | a |,
f ′+(0) = lim
h→0−
√
1− e−a2h2 − 0
h
= lim
h→0+
| ah |
h
=| a | .
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Òàê êàê ëåâàß è ïðàâàß ïðîèçâîäíûå â òî÷êå x = 0 íå ñîâïàäàþò, òî çàäàííàß
ôóíêöèß â ýòîé òî÷êå íå äèôôåðåíöèðóåìà. Â òî÷êå x = 0 ìîæíî ïîñòðîèòü
êàñàòåëüíóþ ê ëåâîé ÷àñòè ãðàôèêà (ëåâóþ êàñàòåëüíóþ) è ê ïðàâîé ÷àñòè
ãðàôèêà (ïðàâóþ êàñàòåëüíóþ). Óãëîâîé êîýôôèöèåíò ëåâîé êàñàòåëüíîé ðà-
âåí k1 = − | a | , à óãëîâîé êîýôôèöèåíò ïðàâîé êàñàòåëüíîé k2 =| a | . Ïóñòü
α  óãîë ìåæäó ëåâîé êàñàòåëüíîé è ïîëîæèòåëüíûì íàïðàâëåíèåì îñè, à
β  óãîë ìåæäó ïðàâîé êàñàòåëüíîé è ïîëîæèòåëüíûì íàïðàâëåíèåì îñè.
Òîãäà tg(α) = − | a | ,tg(β) =| a | . Óãîë ìåæäó êàñàòåëüíûìè åñòü óãîë
γ = β − α è
tg(γ) = −2 | a |
1− a2 .¤
8.4.3. Íàïèñàòü óðàâíåíèß êàñàòåëüíîé è íîðìàëè ê êðèâîé, çàäàâàåìîé
ïàðàìåòðè÷åñêèìè óðàâíåíèßìè x(t) = 2t − t2 , y(t) = 3t − t3 â òî÷êàõ
t = 0 ,t = 1 .
5 Ïðîäèôôåðåíöèðóåì x(t) è y(t) . Ïîëó÷àåì ïðîèçâîäíûå
x′(t) = 2− 2t, y′(t) = 3− 3t2.
Ïðîèçâîäíàß x′(t) = 2 − 2t = 0 ïðè t = 1 . Ñëåäîâàòåëüíî, äàííûìè ïà-
ðàìåòðè÷åñêèìè óðàâíåíèßìè îïðåäåëåíû äâå îäíîçíà÷íûå äèôôåðåíöèðó-
åìûå ôóíêöèè: f1(x) ïðè t < 1 è f2(x) ïðè t > 1 . Ïðè t 6= 1 ïðîèçâîäíûå
îáåèõ ôóíêöèé èìåþò âèä
f ′(x) =
3− 3t2
2− 2t .
Â òî÷êå t = 0 ïåðåìåííàß x(0) = 0 , çíà÷åíèå ôóíêöèè f1(x) = f1(0) =
y(0) = 0 è ïðîèçâîäíàß f ′(0) = 32 . Ñëåäîâàòåëüíî, óðàâíåíèå êàñàòåëüíîé â
òî÷êå t = 0 èìååò âèä y = 32x , à óðàâíåíèå íîðìàëè y =
−2
3 x . Â òî÷êå t = 1
ïåðåìåííàß x(1) = 1 , çíà÷åíèå ôóíêöèè f(x) = f(1) = y(1) = 2 . Òàê êàê
x′(t) = 2 − 2t = 0 ïðè t = 1 ïðîèçâîäíàß f ′(x) íå ìîæåò áûòü íàéäåíà ïî
ôîðìóëå èç 2.2. Íàéäåì ïðîèçâîäíóþ ïî îïðåäåëåíèþ:
f ′(1) = lim
h→0
f(1 + h)− f(1)
h
= lim
t→0
y(1 + t)− y(1)
x(1 + t)− x(1) =
41
= lim
t→0
3(1 + t)− (1 + t)3 − 2
2(1 + t)− (1 + t)2 − 1 =
= lim
t→0
−3t2 − t3
−t2 = 3.
Ñëåäîâàòåëüíî, óðàâíåíèå êàñàòåëüíîé â òî÷êå t = 1 èìååò âèä
y − 2 = 3(x− 1),ò.å. y = 3x− 1,
à óðàâíåíèå íîðìàëè
y − 2 = −(x− 1)
3
,ò.å. y = −x
3
+ 2
1
3
.¤
8.5. ÓÏÐÀÆÍÅÍÈß.
8.5.1. Â êàêèõ òî÷êàõ êðèâîé y = 2 + x + x2 êàñàòåëüíàß ê íåé
à) ïàðàëëåëüíà îñè îðäèíàò, á) ïàðàëëåëüíà áèññåêòðèñå ïåðâîãî êîîðäèíàò-
íîãî óãëà
8.5.2. Íàïèøèòå óðàâíåíèß êàñàòåëüíûõ ê ñëåäóþùèì êðèâûì â çàäàííûõ
òî÷êàõ
1)y(x) =
√
5− x2,M(1; 2);
2)y(x) = arcsin
x
2
,M(0; 0).
3)y(x) = ln
x2 − 2x+ 1
x2 + x+ 1
,M(0; 0);
4)y(x) = cos 2x− 2 sin x,M(pi; 1).
8.5.3. Íàéäèòå óãëû, ïîä êîòîðûìè ïåðåñåêàþòñß ñëåäóþùèå ïàðû êðèâûõ:
1)y = x2 è x = y2,
2)y = sin x è y = cos x.
8.5.4. Íàéäèòå óãîë ìåæäó ïðàâîé è ëåâîé êàñàòåëüíûìè ê êðèâîé:
1)y = arcsin
2x
1 + x2
â òî÷êå x = 1,
2)y =
√
2x3 + 9x2 â òî÷êå x = 0.
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8.5.5. Íàïèøèòå óðàâíåíèß êàñàòåëüíûõ ê ñëåäóþùèì êðèâûì
1)x = 2t− t2, y = 3t− t3 â òî÷êàõ t = 0; t = 1,
2)x =
2t+ t2
1 + t3
, y =
2t− t2
1 + t3
â òî÷êàõ t = 0; t = 1; t =∞.
8.5.6. Íàïèøèòå óðàâíåíèß êàñàòåëüíûõ ê ñëåäóþùèì êðèâûì â çàäàííûõ
òî÷êàõ
1)
x2
100
+
y2
64
= 1,M(6; 6, 4);
2)yx+ ln y = 1,M(1; 1);
3)x5 + y5 = 2xy,M(1; 1).
9. ÄÈÔÔÅÐÅÍÖÈÀË ÔÓÍÊÖÈÈ.
9.1.Ôóíêöèß f èìååò êîíå÷íóþ ïðîèçâîäíóþ â òî÷êå x òîãäà è òîëüêî òîãäà,
êîãäà ïðèðàùåíèå ôóíêöèè ìîæåò áûòü ïðåäñòàâëåííî â âèäå
4f(x) = f(x+ dx)− f(x) = A(x)dx+ o(dx) (dx→ 0).
Ëèíåéíàß ÷àñòü ýòîãî ïðèðàùåíèß íàçûâàåòñß äèôôåðåíöèàëîì ôóíêöèè f
â òî÷êå x è îáîçíà÷àåòñß df(x) . Äèôôåðåíöèàë ðàâåí
df(x) = f ′(x)dx.
Ïðåíåáðåãàß áåñêîíå÷íî ìàëîé o(dx) , äëß ïðèáëèæåííûõ ïîäñ÷åòîâ ìîæíî
ïîëüçîâàòüñß ôîðìóëîé
f(x+ dx)− f(x) ≈ f ′(x)dx (dx→ 0).
9.2. Ïðèìåðû.
9.1.1. Äëß ôóíêöèè f(x) = x3 − 2x+ 1 îïðåäåëèòü 4f(1), df(1) è ñðàâíèòü
èõ, åñëè dx = 1; dx = 0, 1; dx = 0, 01 .
5 Âûâåäåì ôîðìóëû äëß ïðèðàùåíèß è äèôôåðåíöèàëà ôóíêöèè. Ïðèðà-
ùåíèå ôóíêöèè
4f(1) = f(1+dx)−f(1) = (1+dx)3−2(1+dx)+1−0 = (dx)3+3(dx)2+dx.
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Äëß òîãî, ÷òîáû íàéòè äèôôåðåíöèàë ôóíêöèè, âû÷èñëèì ïðîèçâîäíóþ
f ′(x) = 3x2 − 2, f ′(1) = 1.
Äèôôåðåíöèàë ðàâåí df(1) = f ′(1)dx = dx . Ïðåäñòàâèì ðåçóëüòàòû âû÷èñ-
ëåíèé â âèäå òàáëèöû
dx = 1 4f(1) = 5 df(1) = 1
dx = 0, 1 4f(1) = 0, 131 df(1) = 0, 1
dx = 0, 01 4f(1) = 0, 010301 df(1) = 0, 01.
Êàê âèäíî èç òàáëèöû, ïðè óáûâàíèè ê íóëþ çíà÷åíèé dx çíà÷åíèß 4f(1)
è df(1) ñòàíîâßòñß ïðèáëèçèòåëüíî ðàâíû.¤
9.1.2. Íàéòè d(
√
a2 + x2).
5 Äëß òîãî, ÷òîáû íàéòè äèôôåðåíöèàë , íàéäåì
f ′(x) =
x√
a2 + x2
.
Òîãäà ïî ôîðìóëå èç 4.1
df(x) = f ′(x)dx =
x√
a2 + x2
dx.¤
9.1.3. Ïóñòü u, v  äèôôåðåíöèðóåìûå ôóíêöèè îò x . Íàéòè d( uv2 ).
5 Èñïîëüçóß ïðàâèëà íàõîæäåíèß ïðîèçâîäíîé, ïîëó÷àåì
d(
u
v2
) =
vdu− udv2
v4
=
vdu− 2uvdv
v4
.
9.1.4. Çàìåíßß ïðèðàùåíèå ôóíêöèè äèôôåðåíöèàëîì, íàéòè ïðèáëèæåííî
3
√
1, 02 .
5 Îáîçíà÷èì f(x) = 3√x . Íóæíî íàéòè f(1 + 0, 02). Çàìåíßß ïðèðàùå-
íèå ôóíêöèè äèôôåðåíöèàëîì, ïîëó÷èì f(1 + dx) − f(1) ≈ f ′(1)dx. Ïðè
dx = 0, 02 , ôîðìóëà ïðèìåò âèä f(1 + 0, 02) ≈ f ′(1)0, 02+ f(1). Äëß îêîí÷à-
òåëüíîãî ðåçóëüòàòà îñòàëîñü âû÷èñëèòü f ′(x) â òî÷êå x = 1 è f(1) :
f ′(x) =
1
3
3
√
x2
, f ′(1) =
1
3
, f(1) = 1.
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Ñëåäîâàòåëüíî
3
√
1, 02 = f(1 + 0, 02) ≈ f ′(1)0, 02 + f(1) = 0, 02
3
+ 1 ≈ 1, 0067.¤
9.2. ÓÏÐÀÆÍÅÍÈß.
9.2.1. Íàéäèòå äèôôåðåíöèàë ôóíêöèè y , åñëè
1)y =
1
x
,
2)y = arcsin
x
a
,
3)y = ln |x+
√
x2 + a2|,
4)y = sinx− x cos x,
5)y = xex,
6)y =
lnx√
x
,
7)y =
x√
1− x2 .
9.2.2. Çàìåíßß ïðèðàùåíèå ôóíêöèè äèôôåðåíöèàëîì, íàéòè ïðèáëèæåííî
1)sin 29◦ , 2)arctg 1, 05 , 3) ln 11 .
9.2.2. Äîêàçàòü ïðèáëèæåííóþ ôîðìóëó
n
√
an + x ≈ a+ x
nan−1
, a > 0, x→ 0.
Ñ ïîìîùüþ ýòîé ôîðìóëû ïðèáëèæåííî âû÷èñëèòü 1) 3
√
9 , 2) 4
√
80 , 3) 7
√
100 ,
4) 10
√
1000 .
10. ÏÐÀÂÈËÎ ËÎÏÈÒÀËß
10.1. Ïóñòü a ∈ R è f, g îïðåäåëåíû è äèôôåðåíöèðóåìû â íåêîòîðîé ïðî-
êîëîòîé îêðåñòíîñòè U òî÷êè a , ïðè÷åì g(x), g′(x) 6= 0 è âûïîëíåíî îäíî èç
óñëîâèé
lim
x→a f(x) = limx→a g(x) = 0 ,
lim
x→a f(x) = limx→a g(x) =∞.
Òîãäà lim
x→a
f(x)
g(x)
= lim
x→a
f
′
(x)
g′(x)
, åñëè ñóùåñòâóåò (âîçìîæíî, íåñîáñòâåííûé) ïðå-
äåë â ïðàâîé ÷àñòè. Ïðàâèëî âåðíî òàêæå äëß ñëó÷àåâ a =∞,±∞, x→ a± .
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10.2. Ðàñêðûòèå íåîïðåäåëåííîñòåé äðóãèõ âèäîâ. Ðàñêðûòèå íåîïðåäåëåí-
íîñòåé âèäà 0·∞ è ∞−∞ ïóòåì àëãåáðàè÷åñêèõ ïðåîáðàçîâàíèé ïðèâîäèòñß
ê ðàñêðûòèþ íåîïðåäåëåííîñòåé äâóõ îñíîâíûõ òèïîâ 0
0
èëè ∞∞ .
Äëß ðàñêðûòèß íåîïðåäåëåííîñòåé âèäà 00,∞0, 1∞ ïðè âû÷èñëåíèè ïðåäåëîâ
ôóíêöèé ϕ(x) = (f(x))g(x) , ñëåäóåò ïðåäñòàâèòü ôóíêöèþ ϕ(x) â âèäå
ϕ(x) = eg(x) ln f(x)
è ñâåñòè âû÷èñëåíèå ïðåäåëà ôóíêöèè g(x) ln f(x) ê ðàñêðûòèþ íåîïðåäå-
ëåííîñòè âèäà 0 · ∞ .
Ïðè ðàñêðûòèè íåîïðåäåëåííîñòåé ñ ïîìîùüþ ïðàâèëà Ëîïèòàëß ìîæíî
ïîëüçîâàòüñß çàìå÷àòåëüíûìè ïðåäåëàìè è ýêâèâàëåíòíîñòßìè.
10.3. Ïðèìåðû.
10.3.1. Ïðèìåð. lim
x→0
tg x− x
x− sin x = {
0
0
} = lim
x→0
(tg x− x)′
(x− sinx)′ =
lim
x→0
1
cos2 x
− 1
1− cosx = limx→0
1− cos2 x
cos2 x(1− cos x) = limx→0
(1 + cos x)(1− cosx)
1− cosx = 2.
10.3.2. Ïðèìåð. lim
x→pi/2
tg 3x
tg x
= {∞∞} = limx→pi/2
(tg 3x)
′
(tg x)′
=
lim
x→pi/2
1
cos2 3x
· 3
1
cos2 x
= 3 lim
x→pi/2
cos2 x
cos2 3x
= {0
0
} = 3 lim
x→pi/2
2 cos x · (− sinx)
2 cos 3x · (− sin 3x) · 3 =
= − lim
x→pi/2
cosx
cos 3x
= {0
0
} = − lim
x→pi/2
− sinx
(− sin 3x) · 3 =
1
3
.
10.3.3. Ïðèìåð. lim
x→0+
x2 · ln x = {0 · ∞} = lim
x→0+
lnx
1/x2
= {∞∞} =
= lim
x→0+
(ln x)
′
(1/x2)′
= lim
x→0+
1/x
−2/x3 = −
1
2
lim
x→0+
x2 = 0.
10.3.4. Ïðèìåð. lim
x→0
(
1
x
− 1
ex − 1) = {∞−∞} = limx→0
ex − 1− x
x(ex − 1) = {
0
0
} =
= lim
x→0
ex − 1
ex − 1 + xex = {
0
0
} = lim
x→0
ex
ex + ex + xex
=
1
2
.
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10.3.5. Ïðèìåð. lim
x→0+
xx = {00} = lim
x→0+
ex·lnx = e
lim
x→0+
x·lnx
,
lim
x→0+
x · lnx = {0 · ∞} = lim
x→0+
lnx
1/x
= {∞∞} = limx→0+
1/x
−1/x2 = 0.
Òàêèì îáðàçîì, lim
x→0+
xx = e0 = 1 .
10.3.6. Ïðèìåð. lim
x→pi/2
(tg x)2 cosx = {∞0} = e limx→pi/2 2 cosx·ln(tg x),
lim
x→pi/2
cosx · ln(tg x) = {0 · ∞} = lim
x→pi/2
ln(tg x)
1
cosx
= {∞∞} =
= lim
x→pi/2
1
tg x
· 1
cos2 x
− 1
cos2 x
(− sin x)
= lim
x→pi/2
cos x
sin2 x
= 0.
Òàêèì îáðàçîì, lim
x→pi/2
(tg x)2 cosx = e0 = 1.
10.3.7. Ïðèìåð. lim
x→0
(
sinx
x
)1/x2
= {1∞} = e limx→0
1
x2
ln sin xx ,
lim
x→0
1
x2
ln
sinx
x
= lim
x→0
ln
sin x
x
x2
= {0
0
} = lim
x→0
x
sinx
· x cosx− sin x
x2 · 2x =
= lim
x→0
x cosx− sinx
2x3
= {0
0
} = lim
x→0
cosx− x sinx− cos x
6x2
= −1
6
lim
x→0
sinx
x
= −1
6
.
Òàêèì îáðàçîì, lim
x→0
(
sinx
x
)1/x2
= e−1/6. Â ýòîì ïðèìåðå ìû âîñïîëüçîâàëè-
ëèñü èçâåñòíûì ïðåäåëîì lim
x→0
x
sinx
= 1.¤
10.4. ÓÏÐÀÆÍÅÍÈß.
10.4.1. Âû÷èñëèòü ñëåäóþùèå ïðåäåëû [â êâàäðàòíûõ ñêîáêàõ óêàçàíû îò-
âåòû].
1) lim
x→0
sin ax
sin bx
[
a
b
].
2) lim
x→0
chx− cos x
x2
[1].
3) lim
x→0
3 tg 4x− 12 tg x
3 sin 4x− 12 sin x [−2].
4) lim
x→0
x ctg x− 1
x2
[−1
3
].
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5) lim
x→pi/4
3
√
tg x− 1
2 sin2 x− 1 [
1
3
].
6) lim
x→0
x(ex + 1)− 2(ex − 1)
x3
[
1
6
].
7) lim
x→0
1− cosx2
x2 sinx2
[
1
2
].
8) lim
x→0
arcsin 2x− 2 arcsin x
x3
[1].
9) lim
x→0
ax − asinx
x3
[
ln a
6
].
10) lim
x→0
ln(sin ax)
ln(sin bx)
[1].
11) lim
x→0
ln(cos ax)
ln(cos bx)
[
a2
b2
].
12) lim
x→0
cos(sin x)− cosx
x4
[
1
6
].
13) lim
x→∞
lnx
x10
[0].
14) lim
x→∞
xn
eax
[0].
15) lim
x→a
ax − xa
x− a [a
a(ln a− 1)].
16) lim
x→1
xx − x
lnx− x+ 1 [−2].
10.4.2. Âû÷èñëèòü ñëåäóþùèå ïðåäåëû [â êâàäðàòíûõ ñêîáêàõ óêàçàíû îò-
âåòû].
1) lim
x→+∞x
2 · e−0,01x [0].
2) lim
x→1−
ln x · ln(x− 1) [0].
3) lim
x→0
sinx · ln ctg x [0].
4) lim
x→+∞x ln(
2
pi
arctg x) [−2
pi
].
5) lim
x→+∞x
ne−x
3
[0].
6) lim
x→+∞(pi − 2 arctg
√
x)
√
x [2].
7) lim
x→1
(
1
lnx
− 1
x− 1) [
1
2
].
8) lim
x→0
(
1
sinx
− 1
x
) [0].
9) lim
x→0
(
1
x
− 1
arcsin x
) [0].
10) lim
x→0
(
1
x2
− 1
sin2 x
) [−1
3
].
11) lim
x→0
(
1
x arctg x
− 1
x2
) [
1
3
].
12) lim
x→+∞x(pi − 2 arcsin(x/
√
x2 + 1)) [2].
10.4.3. Âû÷èñëèòü ñëåäóþùèå ïðåäåëû [â êâàäðàòíûõ ñêîáêàõ óêàçàíû îò-
âåòû].
1) lim
x→pi/2−
(pi − 2x)cosx [1].
2) lim
x→0
(cosx)3/x
2
[e−6].
3) lim
x→∞(x+ 2
x)1/x [2].
4) lim
x→0
(
tg x
x
)1/x2
[e1/3].
5) lim
x→0+
x
1
1 + ln x [e].
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6) lim
x→1
x
1
1− x [e−1].
7) lim
x→1
(2− x)tg pix2 [e2/pi].
8) lim
x→pi/4
(tg x)tg 2x [e−1].
9) lim
x→0
(ctg x)sinx [1].
10) lim
x→+∞
(
2
pi
arctg x
)x
[e−2/pi].
11) lim
x→0+
(
ln
1
x
)x
[1].
12) lim
x→∞
(
tg
pix
2x+ 1
)1
x [1].
13) lim
x→a
(
tg x
tg a
)ctg(x−a)
[e
2
sin 2a ].
14) lim
x→0
(
tg x
x
) 1
x2 [e1/3].
15) lim
x→0
(
arctg x
x
) 1
x2 [e−1/3].
16) lim
x→0
(
(1 + x)1/x
e
)1/x
[e−1/2].
17) lim
x→0
(
2
pi
arccos x
)1
x [e−2/pi].
18) lim
x→0
(
arcsinx
x
) 1
x2 [e1/6].
19) lim
x→0
(
ax − x ln a
bx − x ln b
) 1
x2 [e
1
2 (ln
2 a−ln2 b)].
11. ÏÐÎÈÇÂÎÄÍÛÅ È ÄÈÔÔÅÐÅÍÖÈÀËÛ
ÂÛÑØÈÕ ÏÎÐßÄÊÎÂ.
11.1. Îïðåäåëåíèå ïðîèçâîäíîé ïîðßäêà n . Ïóñòü ôóíêöèß f(x) äèôôå-
ðåíöèðóåìà íà íåêîòîðîì èíòåðâàëå è f ′(x)  åå ïðîèçâîäíàß. Ïóñòü f ′(x)
òàêæå äèôôåðåíöèðóåìàß ôóíêöèß. Âòîðîé ïðîèçâîäíîé îò f(x) íàçûâà-
åòñß ïðîèçâîäíàß îò f ′(x) , ò.å.
f ′′(x) = (f ′(x))′.
Ïîñëåäîâàòåëüíûìèì ñîîòíîøåíèßìè (ïðè óñëîâèè, ÷òî äèôôåðåíöèðîâàíèå
èìååò ñìûñë) îïðåäåëßåòñß ïðîèçâîäíàß ïîðßäêà n îò f(x) êàê
f (n)(x) = (f (n−1)(x))′.
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11.2. Îïðåäåëåíèå äèôôåðåíöèàëîâ ïîðßäêà n . Äèôôåðåíöèàë ïîðßäêà n
îïðåäåëßåòñß ôîðìóëîé
dnf(x) = d(dn−1f(x)).
Åñëè x  íåçàâèñèìàß ïåðåìåííàß, òî (òàê êàê dx íå çàâèñèò îò x)
dnx = dnx = . . . = dnx = 0
dnf(x) = f (n)(x)(dx)n.
Åñëè x  ïðîìåæóòî÷íûé àðãóìåíò, òî åñòü x = ϕ(t) , òîãäà
d2x(t) = d(dx(t)) = d(x′(t)dt) = x′′(t)(dt)2, df(x) = f ′(x)dx = f ′(x)x′(t)dt
d2f(x) = d(f ′(x)dx) = f ′′(x)(dx)2+ f ′(x)d2x(t) = f ′′(x)(dx)2+ f ′(x)x′′(t)(dt)2.
Äëß âû÷èñëåíèß ïðîèçâîäíûõ âûñøèõ ïîðßäêîâ èñïîëüçóþòñß ïðàâèëà âû-
÷èñëåíèß ïðîèçâîäíûõ, ôîðìóëà Ëåéáíèöà è ôîðìóëû ïðîèçâîäíûõ âûñøèõ
ïîðßäêîâ îò ýëåìåíòàðíûõ ôóíêöèé.
11.3. Ôîðìóëû ïðîèçâîäíûõ âûñøèõ ïîðßäêîâ îò ýëåìåíòàðíûõ ôóíêöèé.
(xm)(n) = m(m− 1) . . . (m− n+ 1)xm−n,
(sinx)(n) = sin(x+
npi
2
),
(cosx)(n) = cos(x+
npi
2
),
(ax)(n) = ax(ln a))n,
(ln x)(n) =
(−1)n(n− 1)!
xn
.
11.4. Ôîðìóëà Ëåéáíèöà. Åñëè ôóíêöèè u(x) è v(x) n ðàç äèôôåðåíöèðó-
åìû, òî
(uv)(n) =
n∑
k=0
Cknu
(k)v(n−k),
ãäå u(0) = u, v(0) = v, è Ckn = n!k!(n−k)!  áèíîìèàëüíûå êîýôôèöèåíòû.
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11.5. Ïðèìåðû.
11.5.1. Íàéòè f ′′(x) , åñëè f(x) = arcsinx√
1−x2 .
5 Íàéäåì ñíà÷àëà ïåðâóþ ïðîèçâîäíóþ:
f ′(x) =
(arcsin x)′
√
1− x2 − (√1− x2)′ arcsinx
(
√
1− x2)2 =
1√
1−x2
√
1− x2 − −x√
1−x2 arcsin x
1− x2
=
1 + x arcsinx√
1−x2
1− x2 =
√
1− x2 + x arcsin x√
(1− x2)3 .
Äèôôåðåíöèðóß ïîëó÷åííóþ ôóíêöèþ, ïîëó÷èì:
f ′′(x) =
(
√
1− x2 + x arcsinx)′√(1− x2)3 − (√(1− x2)3)′(√1− x2 + x arcsin x)
(1− x2)3
=
( −x√
1−x2 + arcsin x+
x√
1−x2 )
√
(1− x2)3 − (32
√
1− x2)(√1− x2 + x arcsin x)
(1− x2)3
=
√
(1− x2)3 arcsinx− 1, 5x√1− x2 arcsin x− 1, 5(1− x2)
(1− x2)3 =
=
(1− x2) arcsin x− 1, 5x arcsin x− 1, 5√1− x2√
(1− x2)5 .¤
11.5.2. Íàéòè d2f(x) äëß f(x) = ex â ñëó÷àå à) x  íåçàâèñèìàß ïåðåìåííàß;
á) x  ïðîìåæóòî÷íûé àðãóìåíò.
5 à) Åñëè x  íåçàâèñèìàß ïåðåìåííàß, òî
d(2)f(x) = f (2)(x)(dx)2 = ex(dx)2.
á) Åñëè x  ïðîìåæóòî÷íûé àðãóìåíò (ò.å. x = x(t)), òî
d2f(x) = d(f ′(x)dx) = f ′′(x)(dx)2 + f ′(x)d2x(t) = ex(dx)2 + exd2x(t).¤
11.5.3. Íàéòè ïðîèçâîäíûå f ′x, f ′′xx è f ′′′xxx (íèæíèé èíäåêñ îáîçíà÷àåò, ÷òî
ïðîèçâîäíûå áåðóòñß ïî ïåðåìåííîé x) îò ôóíêöèè y = f(x) , çàäàííîé ïà-
ðàìåòðè÷åñêè óðàâíåíèßìè x = 2t− t2, y = 3t− t3.
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5 Ïðîäèôôåðåíöèðóåì x(t) è y(t) . Ïîëó÷àåì ïðîèçâîäíûå
x′(t) = 2− 2t, y′(t) = 3− 3t2.
Ïðîèçâîäíàß x′(t) = 2−2t = 0 ïðè t = 1 . Ñëåäîâàòåëüíî, äàííûìè ïàðàìåò-
ðè÷åñêèìè óðàâíåíèßìè îïðåäåëåíû äâå îäíîçíà÷íûå äèôôåðåíöèðóåìûå
âåòâè y = f(x) : f1(x) ïðè t < 1 è f2(x) ïðè t > 1 . Ïðè t 6= 1 ïðîèç-
âîäíûå îáåèõ âåòâåé èìåþò âèä:
f ′x =
3− 3t2
2− 2t =
3(1 + t)
2
.
Ôóíêöèß y = f ′x òàêæå ßâëßåòñß ïàðàìåòðè÷åñêè çàäàííîé ôóíêöèåé è ïî
ôîðìóëå ïðîèçâîäíîé ïàðàìåòðè÷åñêè çàäàííîé ôóíêöèè ïðè x0 = x(t0)
f ′′xx(x0) =
f ′′xt(t0)
x′(t0)
.
Òàê êàê
f ′′xt =
3
2
, òî f ′′xx =
3
2
÷ (2− 2t) = 3
4(1− t) .
Àíàëîãè÷íî
f ′′′xxx(x0) =
f ′′′xxt(t0)
x′(t0)
.
Âû÷èñëßß
f ′′′xxt =
3
4(1− t)2 , ïîëó÷àåì f
′′′
xxx =
3
4(1− t)2 ÷ (2− 2t) =
3
8(1− t)3 .¤
11.5.4. Íàéòè ïðîèçâîäíûå y′x, y′′xx è y′′′xxx îò ôóíêöèè, çàäàííîé íåßâíî óðàâ-
íåíèåì x2 + y2 = 25 . ×åìó ðàâíû y′x, y′′xx è y′′′xxx â òî÷êå M(3, 4) .
5 Ïðîäèôôåðåíöèðóåì äàííîå óðàâíåíèå, ñ÷èòàß ÷òî y = y(x) . Ïîëó÷àåì
2x+ 2y(x)y′(x) = 0 èëè x+ y(x)y′(x) = 0 ,òî åñòü y′(x) = −x
y(x)
.
Ïðîäèôôåðåíöèðóåì óðàâíåíèå åùå ðàç: 1+ y′(x)y′(x)+ y(x)y′′(x) = 0 . Ïîä-
ñòàâëßß y′(x) è ó÷èòûâàß, ÷òî x2 + y2 = 25 , âûâîäèì:
y′′(x) =
−1− (y′(x))2
y(x)
=
−(x2 + y(x)2)
y(x)3
=
−25
y(x)3
.
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Ïðîäèôôåðåíöèðóåì ïîñëåäíåå âûðàæåíèå
y′′′(x) =
−25 · (−3)y′(x)
y(x)4
=
−75x
y(x)5
.
Â òî÷êå M(3, 4) ïðîèçâîäíûå ïðèíèìàþò ñëåäóþøèå çíà÷åíèß:
y′(3) =
−3
4
, y′′(3) =
−25
64
, y′′′(3) =
−225
1024
.¤
11.5.5. Ïóñòü ôóíêöèß y = f(x) äèôôåðåíöèðóåìà äîñòàòî÷íîå ÷èñëî ðàç è
ïóñòü îïðåäåëåíà îáðàòíàß ôóíêöèß x = f−1(y) âìåñòå ñî ñâîèìè ïðîèçâîä-
íûìè x′(y), x′′(y), x′′′(y), xIV (y) . Íàéòè ýòè ïðîèçâîäíûå.
5 Êàê èçâåñòíî, x′(y) = 1y′(x) . Íàéäåì x′′(y) , êàê ïðîèçâîäíóþ ñëîæíîé
ôóíêöèè
x′′(y) =
(
1
y′(x)
)′
=
−x′(y)y′′(x)
y′(x)2
=
−y′′(x)
y′(x)3
.
Àíàëîãè÷íî, èñïîëüçóß ôîðìóëû ïðîèçâîäíîé ñëîæíîé ôóíêöèè è îòíîøå-
íèß ôóíêöèé, ïîëó÷èì:
x′′′(y) =
(−y′′(x)
y′(x)3
)′
=
−y′′′(x)x′(y)y′(x)3 + 3y′(x)2y′′(x)x′(y)y′′(x)
y′(x)6
=
=
−x′(y)y′(x)2 · (y′′′(x)y′(x)− 3y′′(x)2)
y′(x)6
= −y
′′′(x)y′(x)− 3y′′(x)2
y′(x)5
.
xIV (y) =
(
−y
′′′(x)y′(x)− 3y′′(x)2
y′(x)5
)′
=
= −x
′(y)(y′′′′(x)y′(x) + y′′′(x)y′′(x)− 6y′′(x)y′′′(x))y′(x)5
y′(x)10
−
−5y
′(x)4y′′(x)x′(y)(y′′′(x)y′(x)− 3y′′(x)2)
y′(x)10
= −x
′(y)y′(x)4 · (y′′′′(x)y′(x)2 − 10y′′′(x)y′′(x)y′(x) + 15(y′′(x))3)
y′(x)10
=
= −y
′′′′(x)y′(x)2 − 10y′′′(x)y′′(x)y′(x) + 15(y′′(x))3
y′(x)7
.¤
11.5.6. Íàéòè ïðîèçâîäíóþ y(20) îò ôóíêöèè y = x2e2x .
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5 Ïî ôîðìóëå Ëåáíèöà
y(20) =
20∑
k=0
Ck20(x
2)(k)(e2x)(20−k).
Âû÷èñëèì (e2x)(k) . Ïåðâàß ïðîèçâîäíàß (e2x)′ = 2e2x , âòîðàß (e2x)′′ = 4e2x ,
î÷åâèäíî ïî èíäóêöèè (e2x)(k) = 2ke2x . Òåïåðü ïîñ÷èòàåì (x2)(k) . Ïîëó÷àåì
(x2)(0) = x2, (x2)′ = 2x, (x2)′′ = 2 è (x2)(k) = 0 äëß âñåõ k = 3, . . . n.
Çíà÷èò ñóììèðîâàòüñß áóäóò òîëüêî ñëàãàåìûå ñ íîìåðàìè k = 0, 1, 2 . Íàì
íóæíû
(e2x)(20) = 220e2x, (e2x)(19) = 219, (e2x)(18) = 218e2x è
C020 = 1, C
1
20 = 20, C
2
20 =
20 · 19
2
= 190.
Ïîäñòàâëßß ïîëó÷åííûå âûðàæåíèß â ôîðìóëó Ëåéáíèöà, âûâîäèì
y(20) = 220e2xx2 + 219e2x · 2x · 20 + 218e2x · 2 · 190 = 220e2x(x2 + 20x+ 95).¤
11.5.7. Íàéòè ïðîèçâîäíóþ f (n)(x) îò ôóíêöèè
f(x) =
1
x2 − 3x+ 2 .
5 Ðàçëîæèì ôóíêöèþ f(x) íà ñóììó ïðîñòåéøèõ äðîáåé
f(x) =
1
x2 − 3x+ 2 =
1
(x− 2)(x− 1) =
1
x− 2 −
1
x− 1 .
Íàéäåì ïðîèçâîäíûå ïîðßäêà n îò ïîëó÷åííûõ äðîáåé
y =
1
x− a = (x− a)
−1.
Ïîñëåäîâàòåëüíî âû÷èñëßß, íàõîäèì
y′ = −(x−a)−2, y′′ = 2(x−a)−3, y′′′ = −2·3(x−a)−4, . . . y(n) = (−1)nn!(x−a)−(n+1).
Ñëåäîâàòåëüíî,
f (n)(x) =
(
1
x− 2
)(n)
−
(
1
x− 1
)(n)
= (−1)nn!
(
1
(x− 2)(n+1) −
1
(x− 1)(n+1)
)
.
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11.5.8. Íàéòè ïðîèçâîäíóþ y(n)(x) îò ôóíêöèè
y(x) =
x
3
√
1− x.
5 Ïðåäñòàâèì ôóíêöèþ y(x)â âèäå ïðîèçâåäåíèß
y = x · (1− x)− 13 .
Ïî ôîðìóëå Ëåáíèöà
y(n) =
n∑
k=0
Ckn(x)
(k)((1− x)− 13 )(n−k).
Òàê êàê
(x)(0) = x, x′ = 1 è (x)(k) = 0 äëß âñåõ k = 2, . . . n,
òî ñóììèðîâàòüñß áóäóò òîëüêî äâà ïåðâûõ ñëàãàåìûå. Íàéäåì (1− x− 13 )(k) .
Íà÷íåì ñ âû÷èñëåíèß
((1− x)− 13 )′ = −1
3
· (1− x)− 43 · (−1) = 1
3
· (1− x)− 43 ,
((1− x)− 13 )′′ = 1
3
(
−4
3
)
· (1− x)− 73 · (−1) = 4
9
· (1− x)− 73 .
((1− x)− 13 )′′′ = 4
9
(
−7
3
)
· (1− x)− 103 · (−1) = 4 · 7
33
· (1− x)− 103 .
Ïî àíàëîãèè âû÷èñëßåòñß
((1− x)− 13 )(k) = 4 · 7 . . . (3k − 2)
3k
· (1− x)− (3k+1)3 = 4 · 7 . . . (3k − 2)
3k(1− x)k+ 13 .
Ïîäñòàâëßß ïîëó÷åííûå âûðàæåíèß â ôîðìóëó Ëåéáíèöà, âûâîäèì
y(n) = x((1− x)− 13 )(n) + n((1− x)− 13 )(n−1) =
= x
4 · 7 . . . (3k − 2)
3n(1− x)n+ 13 + n
4 · 7 . . . (3(n− 1)− 2)
3(n−1)(1− x)(n−1)+13 =
= x
4 · 7 . . . (3k − 2)
3n(1− x)n+ 13 + n
4 · 7 . . . (3n− 5)
3(n−1)(1− x)n−1+ 13 =
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=
4 · 7 . . . (3n− 5)
3n(1− x)n+ 13 · ((3n− 2)x+ 3n(1− x)) =
=
(3n− 2x)4 · 7 . . . (3n− 5)
3n(1− x)n+ 13 .¤
11.6. ÓÏÐÀÆÍÅÍÈß.
11.6.1. Íàéäèòå y′′(x) , åñëè
1)y = x
√
1 + x2,
2)y =
x√
1− x4 ,
3)y = x ln x,
4)y = sinx− x cos x,
5)y = e−x
2
,
6)y =
lnx√
x
,
7)y = tg x.
11.6.2. Íàéòè d2f(x) â ñëó÷àå x  íåçàâèñèìàß ïåðåìåííàß äëß 1)f(x) =√
1 + x2 , 2)f(x) = lnxx , 3)f(x) = xx .
11.6.3. Íàéòè ïðîèçâîäíûå f ′x, f ′′xx è f ′′′xxx îò ôóíêöèè y = f(x) , çàäàííîé
ïàðàìåòðè÷åñêè íèæåñëåäóþùèìè óðàâíåíèßìè â òî÷êå x0
1)x = a(t− sin t), y = a(1− cos t), x0 = a(pi − 2)
2
,
2)x = a cos t, y = a sin t, x0 = 0,
3)x = et cos t, y = et sin t, x0 = 1.
11.6.4. Íàéòè ïðîèçâîäíûå y′x, y′′xx è y′′′xxx îò ôóíêöèè, çàäàííîé íåßâíî óðàâ-
íåíèåì 1) y2 = 2px , 2) x2 − xy + y2 = 1 .
11.6.5. Íàéòè ïðîèçâîäíûå y′x, y′′xx , åñëè y2 + 2 ln y = x4 .
11.6.6. Íàéòè ïðîèçâîäíóþ óêàçàííîãî ïîðßäêà
1)y(100) îò y = 1 + x√
1− x,
2)y(100) îò y = x shx,
3)y(8) îò y = x
2
1− x,
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4)y(10) îò y = e
x
x
,
5)y(5) îò y = x lnx,
6)y(10) îò y = cos 3x
3
√
1− 3x,
7)y(5) îò y = lnx
x
.
11.6.7. Íàéòè ïðîèçâîäíóþ f (n)(x) îò ôóíêöèé
1)y =
1
x(1− x) ,
2)y =
x√
1− 2x,
3)y = sin2 x,
4)y = cos3 x,
5)y = sin4 x+ cos4 x,
6)y = x cos ax,
7)y = (x2 + 2x+ 2)e−x,
8)y =
ex
x
,
9)y = ex cos ax,
10)y = ln
a+ bx
a− bx.
12. ÔÎÐÌÓËÀ ÒÅÉËÎÐÀ
12.1. Ôîðìóëà Òåéëîðà ñ îñòàòêîì â ôîðìå Ïåàíî. Åñëè ôóíêöèß f(x)
äèôôåðåíöèðóåìà n ðàç â òî÷êå a , òî ïðè (x→ a)
f(x) = f(a)+f ′(a)(x−a)+ f
′′(a)(x− a)2
2!
+ . . .+
f (n)(a)(x− a)n
n!
+o((x−a)n).
Ðàçëîæåíèå â ñóììó ñ îñòàòêîì â ôîðìå Ïåàíî åäèíñòâåííî.
12.2. Ôîðìóëà Òåéëîðà. Ïóñòü ôóíêöèß f(x) èìååò íåïðåðûâíûå ïðîèç-
âîäíûå f ′(x), f ′′(x), f (n−1)(x) íà îòðåçêå [a, b] è ïðîèçâîäíóþ f (n)(x) íà
èíòåðâàëå (a, b) , òîãäà äëß ëþáîãî x èç [a, b] âåðíî
f(x) = f(a)+ f ′(a)(x− a)+ f
′′(a)(x− a)2
2!
+ . . .+
f (n−1)(a)(x− a)n−1
(n− 1)! +Rn(x),
ãäå Rn(x)  îñòàòîê â ôîðìå Ëàãðàíæà. Îñòàòîê â ôîðìå Ëàãðàíæà èìååò
âèä
Rn(x) =
f (n)(c)(x− a)n
n!
, c  íåêîòîðàß òî÷êà èíòåðâàëà (a, b).
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Ïðè ðàçëîæåíèè ôóíêöèé ïî ôîðìóëå Òåéëîðà ÷àñòî ïðèìåíßþòñß ðàçëîæå-
íèß ýëåìåíòàðíûõ ôóíêöèé.
12.3. Ðàçëîæåíèå ïî ôîðìóëå Òåéëîðà âàæíåéøèõ ýëåìåíòàðíûõ ôóíêöèé.
Åñëè ïåðåìåííàß x→ 0
ex = 1 + x+
x2
2!
+ . . .+
xn
n!
+ o(xn),
sin(x) = x− x
3
3!
+ . . .+
(−1)nx2n−1
(2n− 1)! + o(x
2n),
cos(x) = 1− x
2
2!
+ . . .+
(−1)nx2n
(2n)!
+ o(x2n+1),
(1 + x)m = 1+mx+
m(m− 1)
2!
x2 + . . .+
m(m− 1) . . . (m− n+ 1)
n!
xn + o(xn).
12.4. Ïðèìåðû.
12.4.1. Íàïèñàòü ðàçëîæåíèå ïî öåëûì íåîòðèöàòåëüíûì ñòåïåíßì ïåðåìåí-
íîé x äî ÷ëåíà ñ x4 ôóíêöèè
f(x) =
1 + x+ x2
1− x+ x2 .
×åìó ðàâíî f (4)(0)?
5 Ïðåäïîëîæèì, ÷òî ïðè x→ 0
f(x) =
1 + x+ x2
1− x+ x2 = a+ bx+ cx
2 + dx3 + ex4 + o(x4)
 òðåáóåìîå ðàçëîæåíèå. Òîãäà 1+ x+ x2 = (1− x+ x2)(a+ bx+ cx2+ dx3+
ex4 + o(x4)). Ïåðåìíîæèì ñêîáêè â ïðàâîé ÷àñòè, ó÷èòûâàß, ÷òî ïðè x→ 0
o(x4) + o(x4) = o(x4), xn · o(x4) = o(x4+n),
o(x4+n) = o(x4) (n ≥ 0), xm = o(x4)(m > 4).
Ïîëó÷èì
1+x+x2 = a+bx−ax+cx2−bx2+ax2+dx3−cx3+bx3+ex4−dx4+cx4+o(x4).
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Òàê êàê ðàçëîæåíèå ïî ôîðìóëå Òåéëîðà åäèíñòâåííî, òî êîýôôèöèåíòû ïðè
îäèíàêîâûõ ñòåïåíßõ x â ïðàâîé è ëåâîé ÷àñòßõ ïîñëåäíåãî ðàâåíñòâà ñîâ-
ïàäàþò. Ïðèðàâíèâàß êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíßõ x â ïðàâîé è
ëåâîé ÷àñòßõ, ïîëó÷èì ñèñòåìó óðàâíåíèé
1 = a (ïðè x0)
1 = b− a (ïðè x1)
1 = c− b+ a (ïðè x2)
0 = d− c+ b (ïðè x3)
0 = e− d+ c (ïðè x4).
Ðåøàß ïîëó÷åííóþ ñèñòåìó, íàõîäèì
a = 1, b = 2, γ = 2, d = 0, e = −2.
Òàêèì îáðàçîì, ïðè x→ 0
f(x) =
1 + x+ x2
1− x+ x2 = 1 + 2x+ 2x
2 − 2x4 + o(x4).
Ïî ôîðìóëå Òåéëîðà êîýôôèöèåíò ïðè x4 ðàâåí f (4)(0)4! , â íàøåì ðàçëîæå-
íèè ýòîò êîýôôèöèåíò ðàâåí -2. Òàê êàê ðàçëîæåíèå ïî ôîðìóëå Òåéëîðà
åäèíñòâåííî, òî f
(4)(0)
4! = −2 è, ñëåäîâàòåëüíî, f (4)(0) = −2 · 4! = −48.¤
12.4.2. Íàïèñàòü ðàçëîæåíèå ïî öåëûì íåîòðèöàòåëüíûì ñòåïåíßì ïåðåìåí-
íîé x äî ÷ëåíà ñ x2 ôóíêöèè
f(x) =
(1 + x)100
(1− 2x)40(1 + 2x)60 .
5 Ïðåäñòàâèì ôóíêöèþ f(x)â âèäå ïðîèçâåäåíèß òðåõ ôóíêöèé
f(x) = (1 + x)100(1− 2x)−40(1 + 2x)−60.
Èñïîëüçóß ôîðìóëó
(1 + x)m = 1 +mx+
m(m− 1)
2!
x2 + . . .+
m(m− 1) . . . (m− n+ 1)
n!
xn + o(xn)
ðàçëîæèì ïî ñòåïåíßì ïåðåìåííîé x äî ÷ëåíà ñ x2
(1 + x)100 = 1 + 100x+
100 · 99
2!
x2 + o(x2) = 1 + 100x+ 4950x2 + o(x2),
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(1−2x)−40 = 1−40(−2x)+−40 · (−41)
2!
(−2x)2+o(x2) = 1+80x+3240x2+o(x2),
(1+2x)−60 = 1−60 ·2x+−60 · (−61)
2!
(2x)2+o(x2) = 1−120x+7320x2+o(x2)).
Çíà÷èò
(1 + x)100(1− 2x)−40(1 + 2x)−60 =
= (1+100x+4950x2+o(x2))·(1+80x+3240x2+o(x2))·(1−120x+7320x2+o(x2)).
Ïåðåìíîæèì ñêîáêè â ïðàâîé ÷àñòè. Ñóììà ñëàãàåìûõ ïîðßäêà ìàëîñòè áîëü-
øåé, ÷åì 2, åñòü o(x2) ïðè x→ 0 . Ïîýòîìó
(1 + 100x+ 4950x2 + o(x2)) · (1 + 80x+ 3240x2 + o(x2)) =
= 1+100x+4950x2+80x+80·100x2+3240x2+o(x2) = 1+180x+16190x2+o(x2),
(1 + 180x+ 16190x2 + o(x2))(1− 120x+ 7320x2 + o(x2)) =
= 1−120x+7320x2+180x−120·180x2+16190x2+o(x2) = 1+60x+1950x2+o(x2).¤
12.4.3. Íàïèñàòü ðàçëîæåíèå ïî öåëûì íåîòðèöàòåëüíûì ñòåïåíßì ïåðåìåí-
íîé x äî ÷ëåíà ñ x13 ôóíêöèè
f(x) =
3
√
sin x3.
5 Ðàçëîæèì ñíà÷àëà ïî ôîðìóëå Òåéëîðà ïðè x→ 0
sin(x3) = x3 − (x
3)3
3!
+
(x3)5
5!
+ o((x3)6) = x3 − x
9
3!
+
x15
5!
+ o(x18) =
= x3
(
1− x
6
3!
+
x12
5!
+ o(x15)
)
.
Ïîëó÷àåì
f(x) = 3
√
x3
(
1− x
6
3!
+
x12
5!
+ o(x15)
)
= x
3
√
1− x
6
3!
+
x12
5!
+ o(x15).
Ðàçëîæèì âûðàæåíèå
3
√
1− x
6
3!
+
x12
5!
+ o(x15)
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äî ñëàãàåìîãî ñ x12 . Èñïîëüçóåì ôîðìóëó
(1 + x)
1
3 = 1 +
x
3
+
1
3
(
−2
3
)
x2
2!
+ . . .+ (−1)n1 · 2 · 5 · 8 . . .
3n · n! x
n + o(xn).
Ïîëó÷àåì
3
√
1− x
6
3!
+
x12
5!
+ o(x15) =
= 1 +
1
3
(
−x
6
3!
+
x12
5!
+ o(x15)
)
− 2
32 · 2!
(
−x
6
3!
+
x12
5!
+ o(x15)
)2
+ . . . .
Çàìåòèì, ÷òî ñëàãàåìûå âèäà o(
(
−x63! + x
12
5! + o(x
15)
)n
) åñòü o(x5n) . Ïîýòîìó â
ðàçëîæåíèè äî ÷ëåíà ñ x12 äîëæíû ó÷àñòâîâàòü òîëüêî ñëîãàåìûå ñ íîìåðàìè
n = 0, 1, 2 . Ïðèâîäß ïîäîáíûå è çàïèñûâàß âñå ÷ëåíû xn ñ n > 12 â o(x12)
âûâîäèì
3
√
1− x
6
3!
+
x12
5!
+ o(x15) =
= 1− x
6
3 · 3! +
x12
3 · 5! −
2
32 · 2!
(
x6
3!
)2
+ o(x12) =
= 1− x
6
3 · 3! +
(
1
3 · 5! −
2
32 · 2! · (3!)2
)
x12 + o(x12) =
= 1− x
6
18
− x
12
3240
+ o(x12).
Îêîí÷àòåëüíî ïîëó÷àåì
f(x) = x
3
√
1− x
6
3!
+
x12
5!
+ o(x15) =
= x
(
1− x
6
18
− x
12
3240
+ o(x12)
)
= 1− x
7
18
− x
13
3240
+ o(x13).¤
12.4.4. Ñ ïîìîùüþ ôîðìóëû Òåéëîðà ïðèáëèæåííî âû÷èñëèòü 3
√
30 è îöå-
íèòü ïîãðåøíîñòü.
5 Èñïîëüçóåì ôîðìóëó Òåéëîðà äëß ôóíêöèè (1+x)m ïðè ìàëûõ x. Ïðåä-
ñòàâèì 3
√
30 êàê çíà÷åíèå ôóíêöèè (1 + x)13 ïðè íåêîòîðîì ìàëîì x
3
√
30 =
3
√
33 + 3 = 3
3
√
1 +
1
9
= 3
(
1 +
1
9
) 1
3
.
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Ïðèìåíßß ôîðìóëó Òåéëîðà ñ îñòàòêîì â ôîðìå Ëàãðàíæà, ïîëó÷èì(
1 +
1
9
) 1
3
= 1 +
1
3
· 1
9
− 2
32 · 2! ·
(
1
9
)2
+R2
(
1
9
)
.
Îòêèäûâàß îñòàòîê, âû÷èñëßåì
3
√
30 = 3
(
1 +
1
9
) 1
3
' 3
(
1 +
1
33
− 1
93
)
= 3, 10699.
Ïîãðåøíîñòü ïðè âû÷èñëåíèè ðàâíà âåëè÷èíå îñòàòêà â ôîðìå Ëàãðàíæà
|R2
(
1
9
)
| = |f
(2)(c)
92 · 2! | = |
2
32 3
√
(1 + c)5
| < 2
32
, c ∈ (0, 1
9
).
Çíà÷èò ïîãðåøíîñòü íå ïðåâûøàåò
|R2
(
1
9
)
| < 2
2!3292
= 0, 0041.¤
12.4.5. Ñ ïîìîùüþ ôîðìóëû Òåéëîðà íàéòè
lim
x→0
ex sinx− x(1 + x)
x3
.
5 Çàïèñûâàß âñå ÷ëåíû xn ñ n > 3 â o(x3) , ðàçëîæèì ïî ôîðìóëå Òåéëîðà
ôóíêöèþ,
ex sinx =
(
1 + x+
x2
2!
+ o(x2)
)(
x− x
3
3!
+ o(x4)
)
=
= 1
(
x− x
3
3!
+ o(x4)
)
+ x
(
x− x
3
3!
+ o(x4)
)
+
x2
2!
(
x− x
3
3!
+ o(x4)
)
=
= x− x
3
3!
+ x2 +
x3
2!
+ o(x3) = x+ x2 +
x3
3
+ o(x3).
Ïîäñòàâèì ïîëó÷åííîå âûðàæåíèå â ïðåäåë è ïðèâåäåì ïîäîáíûå
lim
x→0
ex sinx− x(1 + x)
x3
=
x+ x2 + x
3
3 + o(x
3)− x− x2
x3
=
1
3
+ lim
x→0
o(x3)
x3
=
1
3
.¤
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12.5 ÓÏÐÀÆÍÅÍÈß.
12.5.1 Íàïèñàòü ðàçëîæåíèå ïî öåëûì íåîòðèöàòåëüíûì ñòåïåíßì ïåðåìåí-
íîé äî ÷ëåíîâ óêàçàííîãî ïîðßäêà âêëþ÷èòåëüíî ñëåäóþùèõ ôóíêöèé
1)y =
(1 + x)100
(1− 2x)40(1 + 2x)60 äî ÷ëåíà ñ x
2,
2)y = n
√
an + x äî ÷ëåíà ñ x2,
3)y = e2x−x
2 äî ÷ëåíà ñ x5,
4)y =
x
ex − 1 äî ÷ëåíà ñ x
4,
5)y =
3
√
sinx3 äî ÷ëåíà ñ x13,
6)y = ln cos x äî ÷ëåíà ñ x6,
7)y = ln
sinx
x
äî ÷ëåíà ñ x6.
12.5.2. Ñ ïîìîùüþ ôîðìóëû Òåéëîðà ïðèáëèæåííî âû÷èñëèòü
1)
5
√
250, 2)
√
e, 3) sin 18◦,
4) ln(1, 2), 5) arctg 0, 8
è îöåíèòü ïîãðåøíîñòü.
12.5.3. Ñ ïîìîùüþ ôîðìóëû Òåéëîðà íàéòè
1) lim
x→0
cosx− e−x2/2
x4
,
2) lim
x→+∞
6
√
x6 + x5 − 6
√
x6 − x5,
1) lim
x→0
ax + a−x − 2
x2
.
13. ÝÊÑÒÐÅÌÓÌ ÔÓÍÊÖÈÈ.
ÍÀÈÁÎËÜØÅÅ È ÍÀÈÌÅÍÜØÅÅ ÇÍÀ×ÅÍÈß ÔÓÍÊÖÈÈ.
13.1. Ëîêàëüíûé ýêñòðåìóì. Ïî îïðåäåëåíèþ, ôóíêöèß f(x) èìååò â òî÷êå
x0 ëîêàëüíûé ìàêñèìóì, åñëè ñóùåñòâóåò òàêàß îêðåñòíîñòü (x0 − δ, x0 + δ)
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òî÷êè x0 , ÷òî äëß âñåõ x ∈ (x0 − δ, x0 + δ) âûïîëíåíî íåðàâåíñòâî f(x0) ≥
f(x). Àíàëîãè÷íî, ôóíêöèß f(x) èìååò â òî÷êå x0 ëîêàëüíûé ìèíèìóì, åñëè
ñóùåñòâóåò òàêàß îêðåñòíîñòü (x0 − δ, x0 + δ) òî÷êè x0 , ÷òî äëß âñåõ x ∈
(x0 − δ, x0 + δ) âûïîëíåíî íåðàâåíñòâî f(x0) ≤ f(x). Ãîâîðßò, ÷òî ôóíêöèß
f(x) èìååò â òî÷êå x0 ëîêàëüíûé ýêñòðåìóì, åñëè ôóíêöèß f(x) èìååò â
òî÷êå x0 ëîêàëüíûé ìàêñèìóì èëè ìèíèìóì.
13.1.1. Íåîáõîäèìîå óñëîâèå ýêñòðåìóìà. Â òî÷êå ýêñòðåìóìà ïðîèçâîäíàß
ôóíêöèè ëèáî íå ñóùåñòâóåò ëèáî ðàâíà íóëþ. Òî÷êè, â êîòîðûõ ïðîèçâîäíàß
ôóíêöèè ëèáî íå ñóùåñòâóåò ëèáî ðàâíà íóëþ áóäåì íàçûâàòü êðèòè÷åñêèìè
òî÷êàìè.
13.2. Äîñòàòî÷íûå óñëîâèß ýêñòðåìóìà.
13.2.1 Ïåðâîå äîñòàòî÷íîå óñëîâèå ýêñòðåìóìà. Ïóñòü ôóíêöèß f(x)
íåïðåðûâíà â íåêîòîðîé îêðåñòíîñòè òî÷êè x0 è èìååò ïðîèçâîäíóþ âî âñåõ
òî÷êàõ ýòîé îêðåñòíîñòè, çà èñêëþ÷åíèåì, âîçìîæíî, ñàìîé òî÷êè x0 . Åñ-
ëè ïðîèçâîäíàß ìåíßåò çíàê ïðè ïåðåõîäå x0 , òî x0 åñòü òî÷êà ëîêàëüíîãî
ýêñòðåìóìà. Ïðè÷åì, åñëè
f ′(x) ≤ 0 ïðè x < x0 è f ′(x) ≥ 0 ïðè x > x0
(ò.å. çíàê ïðîèçâîäíîé ìåíßåòñß ñ "−"íà "+"ïðè âîçðàñòàíèè àðãóìåíòà x),
òî x0 åñòü òî÷êà ëîêàëüíîãî ìèíèìóìà, åñëè
f ′(x) ≥ 0 ïðè x < x0è f ′(x) ≤ 0 ïðè x > x0
(ò.å. çíàê ïðîèçâîäíîé ìåíßåòñß ñ "+"íà "−"ïðè âîçðàñòàíèè àðãóìåíòà x),
òî x0 åñòü òî÷êà ëîêàëüíîãî ìàêñèìóìà. Åñëè ïðîèçâîäíàß íå ìåíßåò çíàê
ïðè ïåðåõîäå x0 , òî â x0 íåò ëîêàëüíîãî ýêñòðåìóìà.
13.2.2 Âòîðîå äîñòàòî÷íîå óñëîâèå ýêñòðåìóìà. Åñëè ôóíêöèß f(x) èìååò
âòîðóþ ïðîèçâîäíóþ, f ′(x0) = 0 è f ′′(x0) 6= 0 , òî â x0 ôóíêöèß èìååò ëî-
êàëüíûé ýêñòðåìóì. Ïðè÷åì, åñëè f ′′(x0) > 0 , òî x0 åñòü òî÷êà ëîêàëüíîãî
ìèíèìóìà, åñëè f ′′(x0) < 0 , òî x0 åñòü òî÷êà ëîêàëüíîãî ìàêñèìóìà.
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13.2.3 Òðåòüå äîñòàòî÷íîå óñëîâèå ýêñòðåìóìà. Ïóñòü ôóíêöèß f(x) äèô-
ôåðåíöèðóåìà n ðàç è
f (k)(x0) = 0, k = 1, . . . , n− 1, f (n)(x0) 6= 0.
Òîãäà, åñëè n  ÷èñëî ÷åòíîå, òî â x0 ôóíêöèß èìååò ëîêàëüíûé ýêñòðå-
ìóì. Ïðè÷åì, åñëè f (n)(x0) > 0 , òî x0 åñòü òî÷êà ëîêàëüíîãî ìèíèìóìà,
åñëè f (n)(x0) < 0 , òî x0 åñòü òî÷êà ëîêàëüíîãî ìàêñèìóìà. Åñëè n  ÷èñëî
íå÷åòíîå, òî â x0 ôóíêöèß íå èìååò ëîêàëüíîãî ýêñòðåìóìà.
13.3 Íàèáîëüøåå è íàèìåíüøåå çíà÷åíèß ôóíêöèè. Íàèáîëüøåå è íàèìåíü-
øåå çíà÷åíèß íåïðåðûâíîé íà îòðåçêå [a, b] ôóíêöèè f(x) äîñòèãàþòñß ëèáî
â êðèòè÷åñêèõ òî÷êàõ(ò.å. òàì, ãäå ïðîèçâîäíàß ôóíêöèè íå ñóùåñòâóåò èëè
ðàâíà íóëþ), ëèáî íà êîíöàõ îòðåçêà.
13.4. Ïðèìåðû.
13.4.1. Íàéòè ýêñòðåìóìû ôóíêöèè
y =
2x
1 + x2
.
5 Íàéäåì òî÷êè, â êîòîðûõ âûïîëíßåòñß íåîáõîäèìîå óñëîâèå ýêñòðåìóìà,
ò.å. êðèòè÷åñêèå òî÷êè. Äëß ýòîãî âû÷èñëèì ïðîèçâîäíóþ
y′ =
2(1− x2)
(1 + x2)2
.
Ïðîèçâîäíàß îïðåäåëåíà íà âñåé ÷èñëîâîé ïðßìîé è ðàâíà íóëþ â x = −1
è x = 1 . Ñëåäîâàòåëüíî, òî÷êè ýêñòðåìóìà ôóíêöèè íàõîäßòñß ñðåäè ýòèõ
òî÷åê. Âûßñíèì, â êàêèõ òî÷êàõ âûïîëíßåòñß ïåðâîå äîñòàòî÷íîå óñëîâèå
ýêñòðåìóìà. Èçìåíåíèå çíàêà ïðîèçâîäíîé ïðèâîäèòñß â ñëåäóþùåé òàáëèöå:
x < −1 −1 < x < 1 x > 1
y′(x) < 0 y′(x) > 0 y′(x) < 0
Çíàê ïðîèçâîäíîé ìåíßåòñß ïðè ïåðåõîäå êàæäîé èç ýòèõ òî÷åê. Çíà÷èò îáå
òî÷êè x = −1 è x = 1 ßâëßþòñß ýêñòðåìóìàìè ôóíêöèè. Êàê ñëåäóåò èç
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òàáëèöû, òî÷êà x = −1  òî÷êà ìèíèìóìà è çíà÷åíèå f(−1) = −1 , à x = 1
 òî÷êà ìàêñèìóìà è f(1) = 1.¤
13.4.2. Íàéòè ýêñòðåìóìû ôóíêöèè
y = x 3
√
1− x.
5 Íàéäåì êðèòè÷åñêèå òî÷êè ôóíêöèè. Äëß ýòîãî âû÷èñëèì ïðîèçâîäíóþ
ôóíêöèè
y = 3
√
1− x− x
3 3
√
(1− x)2 =
3− 4x
3 3
√
(1− x)2 .
Ïðîèçâîäíàß ðàâíà íóëþ ïðè x = 34 è íåîïðåäåëåíà â òî÷êå x = 1 . Ñîãëàñíî
íåîáõîäèìîìó óñëîâèþ ýêñòðåìóìà, òî÷êè ýêñòðåìóìà ôóíêöèè íàõîäßòñß
ñðåäè ýòèõ òî÷åê. Âûßñíèì, êàê ìåíßåòñß çíàê ïðîèçâîäíîé:
x < 34
3
4 < x < 1 x > 1
y′(x) > 0 y′(x) < 0 y′(x) < 0
Â òî÷êå x = 34 çíàê ïðîèçâîäíîé ìåíßåòñß ñ "+"íà "− ïîýòîìó x = 34 ßâ-
ëßåòñß òî÷êîé ëîêàëüíîãî ìàêñèìóìà. Â òî÷êå x = 1 çíàê ïðîèçâîäíîé íå
ìåíßåòñß, ïîýòîìó òî÷êà x = 1 íå ßâëßåòñß ýêñòðåìóìîì.¤
13.4.3. Íàéòè ýêñòðåìóìû ôóíêöèè
y = cosx+
1
2
cos 2x.
5 Âû÷èñëèì ïðîèçâîäíóþ ôóíêöèè y′ = − sin x− sin 2x. Ïðîèçâîäíàß îïðå-
äåëåíà íà âñåé ÷èñëîâîé ïðßìîé. Âûßñíèì â êàêèõ òî÷êàõ ïðîèçâîäíàß ðàâ-
íà íóëþ. Ðåøàß òðèãîíîìåòðè÷åñêîå óðàâíåíèå sinx + sin 2x = 0 , íàõîäèì
áåñêîíå÷íîå ÷èñëî êðèòè÷åñêèõ òî÷åê x = pik, k ∈ Z è x = ±2pi3 + 2pin,
n ∈ Z . Âîñïîëüçóåìñß âòîðûì äîñòàòî÷íûì óñëîâèåì ýêñòðåìóìà, äëß òîãî
÷òîáû âûáðàòü ñðåäè êðèòè÷åñêèõ òî÷åê òî÷êè ýêñòðåìóìà . Íàéäåì âòîðóþ
ïðîèçâîäíóþ ôóíêöèè y′′ = − cosx − 2 cos 2x. Ïðèâåäåì çíà÷åíèß âòîðîé
ïðèçâîäíîé â íàéäåííûõ òî÷êàõ â òàáëèöå
x = 2pik, k ∈ Z x = pi(2k + 1), k ∈ Z x = ±2pi3 + 2pin, n ∈ Z
y′′(x) = −3 < 0 y′′(x) = −1 < 0 y′′(x) = 32 > 0
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Èç âòîðîãî äîñòàòî÷íîãî óñëîâèß ýêñòðåìóìà ñëåäóåò, ÷òî òî÷êè âèäà
x = pik, k ∈ Z
ßâëßþòñß òî÷êàìè ëîêàëüíîãî ìàêñèìóìà, à òî÷êè
x = ±2pi
3
+ 2pi, n ∈ Z
ßâëßþòñß òî÷êàìè ëîêàëüíîãî ìèíèèìóìà.¤
13.4.4. Íàéòè ýêñòðåìóìû ôóíêöèè y = x+ sin x.
5 Âû÷èñëèì ïðîèçâîäíóþ ôóíêöèè y′ = 1+cos x. Ïðîèçâîäíàß ðàâíà íóëþ
â áåñêîíå÷íîì ÷èñëå êðèòè÷åñêèõ òî÷åê x = (2k + 1)pi, k ∈ Z . Âîñïîëüçó-
åìñß òðåòüèì äîñòàòî÷íûì óñëîâèåì ýêñòðåìóìà, äëß òîãî ÷òîáû âûáðàòü
ñðåäè êðèòè÷åñêèõ òî÷åê òî÷êè ýêñòðåìóìà . Íàéäåì âòîðóþ ïðîèçâîäíóþ
ôóíêöèè y′′ = − sinx. Çíà÷åíèß âòîðîé ïðèçâîäíîé â íàéäåííûõ òî÷êàõ
y′′((2k + 1)pi) = 0. Íàéäåì òðåòüþ ïðîèçâîäíóþ ôóíêöèè y′′′ = − cos x ,
òîãäà y′′′((2k + 1)pi) = 1. Òàê êàê ïåðâàß è âòîðàß ïðîèçâîäíûå â êðèòè-
÷åñêèõ òî÷êàõ ðàâíû íóëþ, à òðåòüß ïðîèçâîäíàß â êðèòè÷åñêèõ òî÷êàõ íå
ðàâíà íóëþ, òî ñîãëàñíî òðåòüåìó äîñòàòî÷íîìó óñëîâèþ ýêñòðåìóìà ó äàí-
íîé ôóíêöèè ýêñòðåìóìîâ íåò.¤
13.4.5. Íàéòè íàèáîëüøåå è íàèìåíüøåå çíà÷åíèå ôóíêöèè
y = x+
1
x
íà îòðåçêå [0, 01; 100] .
5 Íàéäåì êðèòè÷åñêèå òî÷êè ôóíêöèè. Äëß ýòîãî âû÷èñëèì ïðîèçâîäíóþ
y = 1− 1
x2
=
x2 − 1
x2
.
Ïðîèçâîäíàß ðàâíà íóëþ â òî÷êàõ x = 1 è x = −1 è íå îïðåäåëåíà â
òî÷êå x = 0 . Òî÷êà x = 0 íå ïðèíàäëåæèò îáëàñòè äîïóñòèìûõ çíà÷å-
íèé ôóíêöèè, à òî÷êà x = 0 íå ïðèíàäëåæèò îòðåçêó [0, 01; 100] . Â òî÷êå
x = 1 ïðîèçâîäíàß ìåíßåò çíàê ñ "−"íà "+ ïîýòîìó òî÷êà x = 1 ßâëß-
åòñß òî÷êîé ëîêàëüíîãî ìèíèìóìà. Äëß íàõîæäåíèß àáñîëþòíûõ ìèíèìóìà
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è ìàêñèìóìà íà îòðåçêå [0, 01; 100] , ñðàâíèì çíà÷åíèß ôóíêöèè íà êîíöàõ
îòðåçêà f(0, 01) = 100, 01 , f(100) = 100, 01 è çíà÷åíèå ôóíêöèè â òî÷êå
ëîêàëüíîãî ìèíèìóìà f(1) = 2 . Î÷åâèäíî íàèáîëüøèì çíà÷åíèåì ßâëßåò-
ñß çíà÷åíèå f(0, 01) = f(100) = 100, 01 , à íàèìåíüøèì çíà÷åíèåì ßâëßåòñß
çíà÷åíèå f(1) = 2.¤
13.5. ÓÏÐÀÆÍÅÍÈß.
13.5.1 Íàéòè ýêñòðåìóìû ñëåäóþùèõ ôóíêöèé
1)y =
x2 − 3x+ 2
x2 + 2x+ 1
,
2)y =
√
2x− x2,
3)y = cos x+ chx,
4)y = xex,
5)y = sin4 x+ cos4 x,
6)y =
√
x lnx,
7)y = arctg x− 1
2
ln(1 + x2),
8)y =
ex
x
,
9)y = ex sinx.
13.5.2. Íàéòè íàèáîëüøåå è íàèìåíüøåå çíà÷åíèß ñëåäóþùèõ ôóíêöèé
1)y = x2 − 4x+ 6íà îòðåçêå [−3; 10],
1)y =
√
5− 4xíà îòðåçêå [−1; 1].
14. ÂÎÇÐÀÑÒÀÍÈÅ È ÓÁÛÂÀÍÈÅ ÔÓÍÊÖÈÉ.
ÂÛÏÓÊËÎÑÒÜ ÂÂÅÐÕ È ÂÍÈÇ. ÒÎ×ÊÈ ÏÅÐÅÃÈÁÀ.
14.1. Âîçðàñòàíèå è óáûâàíèå ôóíêöèé. Ôóíêöèß f(x) íàçûâàåòñß âîçðàñ-
òàþùåé íà ïðîìåæóòêå (a, b) , åñëè
f(x1) < f(x2) ïðè a < x1 < x2 < b.
Ôóíêöèß f(x) íàçûâàåòñß óáûâàþùåé íà ïðîìåæóòêå (a, b) , åñëè
f(x1) > f(x2) ïðè a < x1 < x2 < b.
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Åñëè ôóíêöèß âîçðàñòàåò èëè óáûâàåò íà íåêîòîðîì ïðîìåæóòêå, òî ãîâîðßò,
÷òî îíà ìîíîòîííà íà ýòîì ïðîìåæóòêå.
14.2. Ïðèçíàê ìîíîòîííîñòè ôóíêöèé. Åñëè f ′(x) > 0 ïðè x ∈ (a, b) , òî
ôóíêöèß f(x) âîçðàñòàåò íà ïðîìåæóòêå (a, b) . Åñëè f ′(x) < 0 ïðè âñåõ x
èç (a, b) , òî ôóíêöèß f(x) óáûâàåò íà ïðîìåæóòêå (a, b) .
14.3. Âûïóêëîñòü ââåðõ è âíèç. Ôóíêöèß f(x) íàçûâàåòñß âûïóêëîé ââåðõ
íà ïðîìåæóòêå (a, b) , åñëè ãðàôèê y = f(x)(a < x < b) ðàñïîëîæåí íèæå
êàñàòåëüíîé, ïðîâåäåííîé ê ãðàôèêó â ëþáîé òî÷êå ïðîìåæóòêà (a, b) .
Ôóíêöèß f(x) íàçûâàåòñß âûïóêëîé âíèç íà ïðîìåæóòêå (a, b) , åñëè ãðàôèê
y = f(x)(a < x < b) ðàñïîëîæåí âûøå êàñàòåëüíîé, ïðîâåäåííîé ê ãðàôèêó
â ëþáîé òî÷êå ïðîìåæóòêà (a, b) .
14.4. Ïðèçíàê âûïóêëîñòè ââåðõ è âíèç. Åñëè f ′′(x) > 0 ïðè x èç (a, b) , òî
ôóíêöèß f(x) ßâëßåòñß âûïóêëîé âíèç íà ïðîìåæóòêå (a, b) . Åñëè f ′′(x) < 0
ïðè x ∈ (a, b) , òî ôóíêöèß f(x) ßâëßåòñß âûïóêëîé ââåðõ íà ïðîìåæóòêå
(a, b) .
14.5. Òî÷êè ïåðåãèáà. Òî÷êè, â êîòîðûõ ìåíßåòñß íàïðàâëåíèå âûïóêëîñòè
ôóíêöèè íàçûâàþòñßòî÷êàìè ïåðåãèáà. Äëß òîãî, ÷òîáû òî÷êà x0 áûëà òî÷-
êîé ïåðåãèáà íåîáõîäèìî , ÷òîáû f ′′(x0) = 0 ëèáî âòîðàß ïðîèçâîäíàß â x0
íå ñóùåñòâîâàëà, è äîñòàòî÷íî, ÷òîáû f ′′(x) ìåíßëà ñâîé çíàê ïðè ïåðåõîäå
÷åðåç x0 .
14.6. Ïðèìåðû.
14.6.1. Îïðåäåëèòü ïðîìåæóòêè âîçðàñòàíèß è óáûâàíèß ôóíêöèè
y =
2x
1 + x2
.
5 Èñïîëüçóåì âû÷èñëåíèß ïðèìåðà 13.4.1. Èçìåíåíèå çíàêà ïðîèçâîäíîé
ôóíêöèè ïðèâîäèòñß â ñëåäóþùåé òàáëèöå:
x < −1 −1 < x < 1 x > 1
y′(x) < 0 y′(x) > 0 y′(x) < 0
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Ñëåäîâàòåëüíî íà ïðîìåæóòêàõ (−∞,−1) è (1,+∞) ôóíêöèß óáûâàåò, à íà
ïðîìåæóòêå (−1, 1) âîçðàñòàåò.¤
14.6.2. Îïðåäåëèòü ïðîìåæóòêè âûïóêëîñòè ââåðõ è âíèç, íàéòè òî÷êè ïå-
ðåãèáà ôóíêöèè
y =
2x
1 + x2
.
5 Ïåðâàß ïðîèçâîäíàß âû÷èñëåíà â ïðèìåðå 13.4.1.
y′ =
2(1− x2)
(1 + x2)2
.
Âòîðàß ïðîèçâîäíàß
y′′ =
−4x(4− x2)
(1 + x2)3
îïðåäåëåíà íà âñåé ÷èñëîâîé ïðßìîé è ðàâíà íóëþ ïðè x = −2 , x = 0 è x =
2 . Èçìåíåíèå çíàêà âòîðîé ïðîèçâîäíîé ïðèâîäèòñß â ñëåäóþùåé òàáëèöå:
x < −2 −2 < x < 0 0 < x < 2 x > 2
y′′(x) < 0 y′′(x) > 0 y′′(x) < 0 y′′(x) > 0
Ñëåäîâàòåëüíî, íà ïðîìåæóòêàõ (−∞,−2) è (0, 2) ôóíêöèß âûïóêëà ââåðõ,
à íà ïðîìåæóòêàõ (−2, 0) è (2,+∞) âûïóêëà âíèç. Òî÷êè x = −2 , x = 0 è
x = 2 ßâëßþòñß òî÷êàìè ïåðåãèáà.¤
14.7. ÓÏÐÀÆÍÅÍÈß.
14.7.1. Îïðåäåëèòü ïðîìåæóòêè âîçðàñòàíèß è óáûâàíèß ñëåäóþùèõ ôóíê-
öèé
1)y = 3x− x3,
2)y =
√
x
x+ 100
,
3)y = x+ sin x,
4)y =
x2
2x
,
5)y = sin4 x+ cos4 x,
6)y = x2 − ln x2,
7)y = x+ sin x,
8)y = x(
√
3
2
+ sin ln x).
14.7.2. Îïðåäåëèòü ïðîìåæóòêè âûïóêëîñòè ââåðõ è âíèç, íàéòè òî÷êè ïå-
ðåãèáà ñëåäóþùèõ ôóíêöèé
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1)y = 3x2 − x3,
2)y =
a3
x2 + a2
,
3)y = x+ x
5
3 ,
4)y =
√
1 + x2,
5)y = e−x
2
,
6)y = ln(1 + x2),
7)y = x+ sin x,
8)y = xx.
15. ÀÑÈÌÏÒÎÒÛ
15.1. Îïðåäåëåíèå àñèìïòîòû. Ïóñòü ôóíêöèß f(x) çàäàíà ïðè äîñòàòî÷íî
áîëüøèõ x . Ïðßìàß y = kx+ b íàçûâàåòñß àñèìïòîòîé ê ãðàôèêó ôóíêöèè
f(x) ïðè x→ +∞ , åñëè
lim
x→+∞(f(x)− kx− b) = 0.
Àíàëîãè÷íî îïðåäåëßåòñß àñèìïòîòà ê ãðàôèêó ôóíêöèè ïðè x→ −∞ .
Åñëè k = 0 , òî ïðßìàß y = b íàçûâàåòñß ãîðèçîíòàëüíîé àñèìïòîòîé.
Âåðòèêàëüíîé àñèìïòîòîé ïðè x→ a íàçûâàåòñß ïðßìàß x = k , åñëè
lim
x→k
f(x) =∞.
15.2. Îòûñêàíèå àñèìïòîò ê ãðàôèêó ôóíêöèè f(x). Åñëè ñóùåñòâóþò
ïðåäåëû
lim
x→+∞
f(x)
x
= k è lim
x→+∞(f(x)− kx) = b,
òî ïðßìàß y = kx + b ßâëßåòñß àñèìïòîòîé ê ãðàôèêó ôóíêöèè f(x) ïðè
x→ +∞ . Àíàëîãè÷íî îòûñêèâàåòñß àñèìïòîòà ïðè x→ −∞ .
15.3.Îòûñêàíèå àñèìïòîò ê êðèâîé, çàäàííîé ïàðàìåòðè÷åñêè.Ïóñòü êðè-
âàß çàäàíà ïàðàìåòðè÷åñêè óðàâíåíèßìè x = x(t); y = y(t). Åñëè ñóùåñòâóåò
òàêîå t0 , ÷òî lim
t→t0
x(t) = +∞ , lim
t→t0
y(t) = +∞ è ñóùåñòâóþò ïðåäåëû
lim
t→t0
y(t)
x(t)
= k è lim
x→t0
(y(t)− kx(t)) = b,
òî ïðßìàß y = kx + b ßâëßåòñß àñèìïòîòîé ê êðèâîé ïðè x → +∞ . Àíàëî-
ãè÷íî îòûñêèâàåòñß àñèìïòîòà ïðè x→ −∞ .
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15.4. Ïðèìåðû.
15.4.1. Íàéòè àñèìïòîòû ôóíêöèè
y =
2x
1 + x2
.
5Âû÷èñëèì ïðåäåëû
k = lim
x→+∞
f(x)
x
= lim
x→+∞
2x
x(1 + x2)
= 0 è b lim
x→+∞ f(x)−kx = limx→+∞
2x
(1 + x2)
= 0.
Òàêèå æå ïðåäåëû ïîëó÷àþòñß ïðè x→ −∞ . Çíà÷èò ïðè x→ ±∞ ôóíêöèß
îáëàäàåò ãîðèçîíòàëüíîé àñèìïòîòîé y = 0.¤
15.4.2. Íàéòè àñèìïòîòû ôóíêöèè
y =
x2(x− 1)
(1 + x)2
.
5 Âû÷èñëèì ïðåäåëû
k = lim
x→∞
f(x)
x
= lim
x→∞
x2(x− 1)
x(1 + x)2
= 1 è
b = lim
x→∞ f(x)− kx = limx→∞
x2(x− 1)
(1 + x)2
− x = −3.
Ïîëó÷åííûå ïðåäåëû íå çàâèñßò îò çíàêà x , ïîýòîìó ïðè x→ ±∞ ôóíêöèß
îáëàäàåò àñèìïòîòîé y = x− 3 .
Êðîìå òîãî ôóíêöèß îáëàäàåò âåðòèêàëüíîé àñèìïòîòîé x = −1 , òàê êàê
lim
x→−1
x2(x− 1)
(1 + x)2
=∞.¤
15.4.3. Íàéòè àñèìïòîòû ôóíêöèè y = f(x) , çàäàííîé ïàðàìåòðè÷åñêè óðàâ-
íåíèßìè x(t) = 3at1+t3 è y(t) =
3at2
1+t3 .
5 Çàìåòèì, ÷òî lim
t→−1
x(t) =∞ lim
t→−1
y(t) =∞ . Âû÷èñëèì ïðåäåëû
k = lim
x→∞
y(t)
x(t)
= lim
t→−1
3at2
1 + t3
÷ 3at
1 + t3
= −1 è
lim
x→∞ y(t)− kx(t) = limt→−1
3at2
1 + t3
+
3at
1 + t3
= lim
t→−1
3at
1− t+ t2 = −a.
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Ïîëó÷åííûå ïðåäåëû íå çàâèñßò îò çíàêà t è, ñëåäîâàòåëüíî, îò çíàêà x ,
ïîýòîìó ïðè x→ ±∞ ôóíêöèß y = f(x) îáëàäàåò àñèìïòîòîé y = −x−a.¤
15.5. ÓÏÐÀÆÍÅÍÈß.
15.5.1. Íàéòè àñèìïòîòû ñëåäóþùèõ ôóíêöèé
1)y =
x3
3x2 − x3 ,
2)y =
√
x2 + x,
3)y =
3
√
x2 + x3,
4)y =
xex
ex − 1 ,
5)y = ln(1 + ex),
8)y = x+ arccos
1
x
.
15.5.1. Íàéòè àñèìïòîòû ñëåäóþùèõ ôóíêöèé, çàäàííûõ ïàðàìåòðè÷åñêè
óðàâíåíèßìè
1)x = ch t, y = sh t,
2)x = 2t− t2, y = 3t− t3,
3)x =
t2
1− t2 , y =
t
t2 − 1 ,
4)x = t+ et, y = 2t+ e2t.
16. ÏÎÑÒÐÎÅÍÈÅ ÃÐÀÔÈÊÎÂ ÔÓÍÊÖÈÉ
16.1. Ïëàí ïîñòðîåíèß. Ïðè ïîñòðîåíèè ãðàôèêîâ èñïîëüçóåòñß ñëåäóþùèé
ïëàí èññëåäîâàíèß ôóíêöèè.
I. Èññëåäîâàíèß, ïðîâîäèìûå áåç èñïîëüçîâàíèß ïðîèçâîäíîé.
1) Îïðåäåëèòü îáëàñòü ñóùåñòâîâàíèß ôóíêöèè.
2) Âûßñíèòü ñèììåòðèþ ãðàôèêà (÷åòíîñòü èëè íå÷åòíîñòü) è ïåðèîäè÷íîñòü.
3) Íàéòè íóëè ôóíêöèè, ïðîìåæóòêè ïîñòîßíñòâà çíàêà.
4) Íàéòè òî÷êè ðàçðûâà ôóíêöèè, ïðîìåæóòêè íåïðåðûâíîñòè.
5) Èññëåäîâàòü ïîâåäåíèå ôóíêöèè íà ãðàíèöå îáëàñòè ñóùåñòâîâàíèß, íàéòè
àñèìïòîòû.
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II. Èññëåäîâàíèß, ïðîâîäèìûå ïðè ïîìîùè ïðîèçâîäíûõ.
6) Âû÷èñëèòü ïðîèçâîäíóþ ôóíêöèè.
7) Íàéòè òî÷êè ýêñòðåìóìà è ïðîìåæóòêè ìîíîòîííîñòè ôóíêöèè.
8) Íàéòè òî÷êè ïåðåãèáà è ïðîìåæóòêè âûïóêëîñòè ââåðõ è âíèç.
16.2. Ïðèìåðû.
16.2.1. Ïîñòðîèòü ãðàôèê ôóíêöèè
y =
x2(x− 1)
(1 + x)2
.
5Ôóíêöèß îïðåäåëåíà âñþäó, êðîìå òî÷êè x = −1 . Äàííàß ôóíêöèß íå
ßâëßåòñß ÷åòíîé èëè íå÷åòíîé, íå ßâëßåòñß ïåðèîäè÷íîé. Ðåøàß óðàâíåíèå
x2(x− 1)
(1 + x)2
= 0,
íàõîäèì íóëè ôóíêöèè x = 0 è x = 1 .
Ôóíêöèß f(x) > 0 ïðè x > 1 è f(x) < 0 ïðè x < 1 . Ôóíêöèß íåïðåðûâíà íà
âñåé îáëàñòè ñóùåñòâîâàíèß. Êàê ïîêàçàíî â ïðèìåðå 15.2.2., ïðè x → ±∞
ôóíêöèß îáëàäàåò àñèìïòîòîé y = x− 3 è ôóíêöèß îáëàäàåò âåðòèêàëüíîé
àñèìïòîòîé x = −1 ïðè x→ −1 .
Íàéäåì ïðîèçâîäíóþ
y′ =
(3x2 − 2x)(x− 1)2 − 2(x+ 1)(x3 − x2)
(1 + x)4
=
x(x2 + 3x− 2)
(1 + x)3
.
Ïðîèçâîäíàß ðàâíà íóëþ â òî÷êàõ x = 0 , x = −3−
√
17
2 ' −3, 56 è
x = −3+
√
17
2 ' 0, 56 è íå îïðåäåëåíà â òî÷êå x = −1 . Îáîçíà÷èì òî÷êè
ïî âîçðàñòàíèþ x1 = −3−
√
17
2 , x2 = −1 , x3 = 0 è x4 = −3+
√
17
2 . Çíàê ïðîèç-
âîäíîé è ïðîìåæóòêè ìîíîòîííîñòè ïðèâîäßòñß â ñëåäóþùåé òàáëèöå:
x < x1 x1 < x < x2 x2 < x < x3 x3 < x < x4 x > x4
y′(x) > 0 y′(x) < 0 y′(x) > 0 y′(x) < 0 y′(x) > 0
âîçðàñòàåò óáûâàåò âîçðàñòàåò óáûâàåò âîçðàñòàåò
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Ðèñ. 1: Ãðàôèê ôóíêöèè ïðèìåðà 16.2.1
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Êàê ñëåäóåò èç òàáëèöû, â òî÷êàõ x2 = −1 è x4 = −3+
√
17
2  ìèíèìóìû,
à â òî÷êàõ x1 = −3−
√
17
2 è x3 = 0  ìàêñèìóìû. Ïðè÷åì f(x1) ' −8, 82 ,
lim
x→−1
f(x) =∞ , f(x1) = 0 è f(x4) ' −0, 06 .
Íàéäåì âòîðóþ ïðîèçâîäíóþ
y′′ =
(3x2 + 6x− 2)(x− 1)3 − 3(x+ 1)2(x3 + 3x2)− 2x
(1 + x)6
=
10x− 2
(1 + x)4
.
Âòîðàß ïðîèçâîäíàß ðàâíà íóëþ â òî÷êå x = 0, 2 è íå îïðåäåëåíà â ïðè
x = −1 . Â òî÷êå x = 0, 2 âòîðàß ïðîèçâîäíàß ìåíßåò çíàê ñ "−"íà "+"è â
òî÷êå x = −1 âòîðàß ïðîèçâîäíàß íå ìåíßåò çíàê. Ñëåäîâàòåëüíî, íà ïðî-
ìåæóòêàõ (−∞;−1) è (−1; 0, 2) ôóíêöèß âûïóêëà ââåðõ, à íà ïðîìåæóòêå
(0, 2;+∞) âûïóêëà âíèç. Òî÷êà x = 0, 2 ßâëßåòñß òî÷êîé ïåðåãèáà.
Ãðàôèê ôóíêöèè ïðåäñòàâëåí íà ðèñ. 1.¤
16.2.2. Ïîñòðîèòü ãðàôèê ôóíêöèè
y = (x+ 2)
2
3 − (x− 2) 23 .
5 Ôóíêöèß îïðåäåëåíà íà âñåé ÷èñëîâîé ïðßìîé. Äàííàß ôóíêöèß ßâëß-
åòñß íå÷åòíîé, ïîýòîìó äîñòàòî÷íî èññëåäîâàòü âåòâü ãðàôèêà ïðè x > 0 .
Äëß ïîñòðîåíèß ïîëíîãî ãðàôèêà íåîáõîäèìî ê ïîëó÷åííîé âåòâè äîáàâèòü
åå ñèììåòðè÷íîå îòíîñèòåëüíî íà÷àëà êîîðäèíàò îòîáðàæåíèå. Ôóíêöèß íå
ïåðèîäè÷íà. Íàéäåì íóëè ôóíêöèè. Óðàâíåíèå
(x+ 2)
2
3 − (x− 2)23 = 0 ýêâèâàëåíòíî |x+ 2| = |x+ 2|.
Ðåøàß ïîñëåäíåå, ïîëó÷àåì, ÷òî òî÷êà x = 0  íóëü ôóíêöèè. Ôóíêöèß
f(x) > 0 ïðè x > 0 è f(x) < 0 ïðè x < 0 . Ôóíêöèß íåïðåðûâíà íà âñåé
îáëàñòè ñóùåñòâîâàíèß. Òàê êàê ïðåäåë
lim
x→∞(x+ 2)
2
3 − (x− 2) 23 = lim
x→∞
(x− 2)2 − (x+ 2)2
(x+ 2)
4
3 + (x− 2)23 (x+ 2) 23 + (x− 2)43 =
= lim
x→∞
8x
3
√
x4
= 0,
òî ïðßìàß y = 0 ßâëßåòñß ãîðèçîíòàëüíîé àñèìïòîòîé ê ãðàôèêó ôóíêöèè
ïðè x→∞ .
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Ðèñ. 2: Ãðàôèê ôóíêöèè ïðèìåðà 16.2.2.
Íàéäåì ïðîèçâîäíóþ
y′ =
2
3 3
√
x+ 2
− 2
3 3
√
x− 2 =
=
2((x− 2)− (x+ 2))
3 3
√
x+ 2 3
√
x− 2((x+ 2) 43 + (x− 2) 23 (x+ 2) 23 + (x− 2) 43 ) =
=
−8
3 3
√
x+ 2 3
√
x− 2((x+ 2) 43 + (x− 2) 23 (x+ 2) 23 + (x− 2) 43 ) .
Ïðîèçâîäíàß íå îïðåäåëåíà â òî÷êàõ x = −2 , x = 2 è íèãäå íå ðàâíà íó-
ëþ. Â òî÷êå x = 2 çíàê ïðîèçâîäíîé ìåíßåòñß ñ "+"íà "− ïîýòîìó x = 2
ßâëßåòñß òî÷êîé ëîêàëüíîãî ìàêñèìóìà. Èç ñîîáðàæåíèé ñèììåòðèè x = −2
 òî÷êà ìèíèìóìà. Ïðè÷åì f(2) = 2 3
√
2 ' 2, 52, f(−2) = −2 3√2 ' −2, 52 .
Íà ïðîìåæóòêàõ (−∞,−2) è (2,+∞) ôóíêöèß óáûâàåò, à íà ïðîìåæóòêå
(−2, 2) âîçðàñòàåò.
Íàéäåì âòîðóþ ïðîèçâîäíóþ
y′′ =
−2
9(x+ 2)
4
3
+
2
9(x− 2) 43 =
=
−2((x− 2)4 − (x+ 2)4)
9(x+ 2)
4
3 (x− 2) 43 ((x+ 2) 83 + (x− 2) 43 (x+ 2) 43 + (x− 2) 83 ) =
=
−8x(1 + x2)
9(x+ 2)
4
3 (x− 2)43 ((x+ 2) 83 + (x− 2)43 (x+ 2) 43 + (x− 2)83 ) .
Âòîðàß ïðîèçâîäíàß ðàâíà íóëþ â òî÷êå x = 0 è íå îïðåäåëåíà ïðè x = −2
è x = 2 . Â òî÷êå x = 0 âòîðàß ïðîèçâîäíàß ìåíßåò çíàê ñ "−"íà "+"è
ïðè x = −2 è x = 2 âòîðàß ïðîèçâîäíàß íå ìåíßåò çíàê. Ñëåäîâàòåëüíî, íà
ïðîìåæóòêàõ (−∞,−2) è (−2, 0) ôóíêöèß âûïóêëà ââåðõ, à íà ïðîìåæóòêàõ
(0, 2) è (2,+∞) âûïóêëà âíèç. Òî÷êà x = 0 ßâëßåòñß òî÷êîé ïåðåãèáà.
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Ãðàôèê ôóíêöèè ïðåäñòàâëåí íà ðèñ. 2.¤
16.2.3. Ïîñòðîèòü ãðàôèê ôóíêöèè
y = sin x+
sin 3x
3
.
5 Ôóíêöèß îïðåäåëåíà íà âñåé ÷èñëîâîé ïðßìîé è ßâëßåòñß íå÷åòíîé. Ôóíê-
öèß ïåðèîäè÷íà ñ ïåðèîäîì 2pi . Äîñòàòî÷íî èññëåäîâàòü ôóíêöèþ íà îòðåçêå
[0, pi] . Âåñü ãðàôèê ïîëó÷àåòñß ñèììåòðè÷íûì îòíîñèòåëüíî íà÷àëà êîîðäè-
íàò ïðîäîëæåíèåì ãðàôèêà íà îòðåçêå [0, pi] è, äàëåå, ïåðèîäè÷åñêèì ïðî-
äîëæåíèåì.
Íàéäåì íóëè ôóíêöèèè. Óïðîñòèì ôóíêöèþ
sinx+
sin 3x
3
= sin x+ sin x− 4
3
sin3 x = 2 sin x(1− 2
3
sin2 x).
Òàê êàê 1 − 23 sin2 x > 0 ïðè âñåõ x , òî óðàâíåíèå sinx + sin 3x3 = 0 ñâîäèòñß
ê óðàâíåíèþ sinx = 0 . Ðåøàß ïîñëåäíåå, ïîëó÷àåì ÷òî òî÷êè x = pik, k ∈ Z
 íóëè ôóíêöèè. Íà îòðåçêå [0, pi] ôóíêöèß f(x) > 0 , çíà÷èò (èñõîäß èç
íå÷åòíîñòè) íà îòðåçêå [−pi, 0] ôóíêöèß f(x) < 0 . Ôóíêöèß íåïðåðûâíà è íå
èìååò àññèìïòîò.
Íàéäåì ïðîèçâîäíóþ
y′ = cos x+cos 3x = cos x+4 cos3 x−3 cos x = 2 cos x(2 cos2 x−1) = 2 cos x cos 2x.
Íà îòðåçêå [0, pi] ïðîèçâîäíàß ðàâíà íóëþ ïðè x = pi4 , x =
pi
2 è x =
3pi
4 . Äëß
èññëåäîâàíèß íà ýêñòðåìóì èñïîëüçóåì âòîðîé äîñòàòî÷íûé ïðèçíàê ýêñòðå-
ìóìà. Íàéäåì âòîðóþ ïðîèçâîäíóþ y′′ = −(sinx+ 3 sin 3x). Â òî÷êàõ x = pi4
è x = 3pi4 âòîðàß ïðîèçâîäíàß y′′ = −2
√
2 < 0 , ñëåäîâàòåëüíî â ýòèõ òî÷êàõ
 ëîêàëüíûå ìàêñèìóìû è f(pi4 ) = f(
3pi
4 ) =
2
√
2
3 ' 0, 94 .
Â òî÷êå x = pi2 âòîðàß ïðîèçâîäíàß y′′ = 2 > 0 , ñëåäîâàòåëüíî â òî÷êå x =
pi
4
 ëîêàëüíé ìèíèìóì è f(pi2 ) =
2
3 ' 0, 67 .
Íàéäåì òî÷êè ïåðåãèáà. Äëß ýòîãî ðåøèì óðàâíåíèå
sinx+ 3 sin 3x = 10 sin x− 12 sin3 x = 0.
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Ðèñ. 3: Ãðàôèê ôóíêöèè ïðèìåðà 16.2.3.
Âòîðàß ïðîèçâîäíàß íà îòðåçêå [0, pi] ðàâíà íóëþ ïðè
x0 = 0, x1 = arcsin
√
5
6
' 0, 37pi, x2 = pi − arcsin
√
5
6
' 0, 63pi, x3 = pi.
Íà îòðåçêàõ [0, x1] è [x2, pi] âòîðàß ïðîèçâîäíàß îòðèöàòåëüíà, ñëåäîâàòåëüíî
ôóíêöèß âûïóêëà ââåðõ. Íà îòðåçêå [x1, x2] âòîðàß ïðîèçâîäíàß ïîëîæèòåëü-
íà, ñëåäîâàòåëüíî ôóíêöèß âûïóêëà âíèç. Òî÷êè x0 , x1 , x2 è x3 ßâëßþòñß
òî÷êàìè ïåðåãèáà.
Ïîñòðîèì ãðàôèê ôóíêöèè ñíà÷àëà íà îòðåçêå [0, pi] . Çàòåì îòîáðàçèì ïîëó-
÷åííóþ êðèâóþ ñèììåòðè÷íî íà÷àëó êîîðäèíàò. Èìååì ãðàôèê ôóíêöèè íà
îòðåçêå [−pi, pi] . Ïåðèîäè÷åñêè ïðîäîëæèì ãðàôèê íà âñþ ÷èñëîâóþ ïðßìóþ.
Ãðàôèê ôóíêöèè ïðåäñòàâëåí íà ðèñ. 3.¤
16.2.4. Ïîñòðîèòü êðèâóþ, çàäàííóþ ïàðàìåòðè÷åñêè óðàâíåíèßìè
x(t) =
3at
1 + t3
; y(t) =
3at2
1 + t3
.
5 Ïîñòðîèì ñíà÷àëà âñïîìîãàòåëüíûå ãðàôèêè ôóíêöèé x = x(t) è y = y(t).
Îáå ôóíêöèè îïðåäåëåíû âñþäó, êðîìå òî÷êè t = −1 , íå ßâëßþòñß ÷åòíûìè
èëè íå÷åòíûìè, íå ßâëßþòñß ïåðèîäè÷íûìè. Òî÷êà t = 0 ßâëßåòñß íóëåì
îáåèõ ôóíêöèé. Ôóíêöèß x(t) > 0 ïðè t < −1 è t > 0 , x(t) < 0 ïðè
−1 < t < 0 . Ôóíêöèß y(t) > 0 ïðè t > −1 è y(t) < 0 ïðè t < −1 . Çàìåòèì,
÷òî lim
t→∞x(t) = limt→∞ y(t) = 0. Çíà÷èò, ïðßìàß x = 0 ßâëßåòñß ãîðèçîíòàëü-
íîé àñèìïòîòîé ôóíêöèè x = x(t) è ïðßìàß y = 0 ßâëßåòñß ãîðèçîíòàëüíîé
àñèìïòîòîé ôóíêöèè y = y(t) . Êðîìå òîãî, ïðßìàß t = 0 ßâëßåòñß âåðòè-
êàëüíîé àñèìïòîòîé îáåèõ ôóíêöèé.
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Ðèñ. 4: x=x(t).
Íàéäåì ïðîèçâîäíûå
x′(t) =
3a(1− 2t3)
(1 + t3)2
è y′(t) = 3at(2− t
3)
(1 + t3)2
.
Ïðîèçâîäíàß x′(t) = 0 ïðè t = 13√2 è íå îïðåäåëåíà ïðè t = −1 . Èññëåäóß
çíàê ïðîèçâîäíîé x′(t) , ïîëó÷àåì, ÷òî òî÷êà t = 13√2  òî÷êà ìàêñèìóìà
ôóíêöèè x(t) è x( 13√2) = a
3
√
4 , à òî÷êà t = −1 íå ßâëßåòñß ýêñòðåìóìîì
ôóíêöèè x(t) . Ïðîèçâîäíàß y′(t) = 0 ïðè t = 0 è t = 3
√
2 è íåîïðåäåëåíà
ïðè t = −1 . Èññëåäóß çíàê ïðîèçâîäíîé y′(t) , ïîëó÷àåì, ÷òî òî÷êà t = 0 
òî÷êà ìèíèìóìà ôóíêöèè y(t) è y(0) = 0 ; òî÷êà t = 3
√
2  òî÷êà ìàêñèìóìà
ôóíêöèè y(t) è y( 3
√
2) = a 3
√
4 ; òî÷êà t = −1 íå ßâëßåòñß ýêñòðåìóìîì ôóíê-
öèè y(t) . Ãðàôèêè ôóíêöèé x = x(t) è y = y(t) ïðåäñòàâëåíû íà ðèñ. 4 è
ðèñ. 5.
Ïðèñòóïèì ê ïîñòðîåíèþ ãðàôèêà êðèâîé. Îáëàñòü èçìåíåíèß ïàðàìåòðà t
 ÷èñëîâàß ïðßìàß, ðàçáèâàåòñß òî÷êàìè t = −1 , t = 0 , t = 13√2 ,t =
3
√
2
(ýòî îñîáûå òî÷êè ãðàôèêîâ x = x(t) è y = y(t)) íà èíòåðâàëû. Èñïîëüçóß
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Ðèñ. 5: y=y(t).
âñïîìîãàòåëüíûå ãðàôèêè, èçó÷èì ïîâåäåíèå ôóíêöèé x = x(t) è y = y(t)
íà êàæäîì èç ïîëó÷åííûõ èíòåðâàëîâ. Ïîëó÷åííûå äàííûå ïðèâåäåì â âèäå
òàáëèöû äëß t ≤ 0 :
t→ −∞ t < −1 t→ −1− t→ −1+ −1 < t < 0 t = 0
x(t)→ 0 x(t) > 0 ↑ x(t)→ +∞ x(t)→ −∞ x(t) < 0 ↑ x(t) = 0
y(t)→ 0 y(t) < 0 ↓ y(t)→ −∞ y(t)→ +∞ y(t) > 0 ↓ y(t) = 0
y(t)min
Ïðîäîëæåíèå òàáëèöû äëß t > 0 :
0 < t < 13√2 t =
1
3
√
2
1
3
√
2
< t < 3
√
2 t = 3
√
2 t > 3
√
2 t→ +∞
x(t) > 0 ↑ x(t) = a 3√4 x(t) > 0 ↓ x(t) = a 3√2 x(t) > 0 ↓ x(t)→ 0
y(t) > 0 ↑ y(t) = a 3√2 y(t) < 0 ↑ y(t) = a 3√4 y(t) > 0 ↓ y(t)→ 0
x(t)max y(t) max
Èç òàáëèöû ñëåäóåò, âî-ïåðâûõ, ÷òî òî÷êà Î(0,0) åñòü òî÷êà ñàìîïåðåñå÷åíèß
êðèâîé, òàê êàê x(t) = y(t) = 0 ïðè t = 0 è ïðè t → +∞ . Âî-âòîðûõ
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Ðèñ. 6: Ïàðàìåòðè÷åñêè çàäàííàß êðèâàß.
òî÷êà x(t) = y(t) = 0 åñòü òî÷êà ìèíèìóìà îäíîé èç âåòâåé êðèâîé ( ïðè
−1 < t < 13√2 ), òàê êàê ïðè x < x(0) = 0 ïàðàìåòð t < 0 è y(t) óáûâàåò,
à ïðè x > x(0) = 0 ïàðàìåòð t > 0 è y(t) âîçðàñòàåò. Â-òðåòüèõ, òî÷êà
x(t) = a 3
√
2, y(t) = a 3
√
4, t = 3
√
2 åñòü òî÷êà ëîêàëüíî ìàêñèìóìà âåòâè êðèâîé
ïðè 13√2 < t , òàê êàê ïðè ïåðåõîäå ïî âîçðàñòàíèþ ïàðàìåòðîì t çíà÷åíèß
3
√
2 ïåðåìåííàß x(t) óáûâàß ïåðåõîäèò çíà÷åíèå x(t) = a 3
√
2 , ïåðåìåííàß
æå y(t) âîçðàñòàåò ïðè t < 3
√
2 äî çíà÷åíèß y(t) = a 3
√
4 , à ïðè t > 3
√
2
ïåðåìåííàß y(t) óáûâàåò. Â-÷åòâåðòûõ òî÷êà x(t) = a 3
√
4, y(t) = a 3
√
2, t = 13√2
åñòü òî÷êà âîçâðàòà êðèâîé, òàê êàê ïðè ïåðåõîäå ïî âîçðàñòàíèþ ïàðàìåòðîì
t çíà÷åíèß 13√2 ïåðåìåííàß y(t) âîçðàñòàß ïåðåõîäèò çíà÷åíèå y(t) = a
3
√
2 ,
ïåðåìåííàß æå x(t) âîçðàñòàåò ïðè t < 13√2 äî çíà÷åíèß x(t) = a
3
√
4 , à ïðè
t > 13√2 ïåðåìåííàß x(t) óáûâàåò.
Â ïðèìåðå 15.4.3 íàéäåíà àñèìïòîòà êðèâîé ïðè x → ±∞ . Ýòî ïðßìàß ñ
óðàâíåíèåì y = −x− a .
Íàéäåì ïðîèçâîäíûå y′x è y′′xx(x0) ïî ôîðìóëàì ïðîèçâîäíûõ ïàðàìåòðè÷åñêè
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çàäàííûõ ôóíêöèé:
y′x =
y′(t)
x′(t)
=
t(2− t3)
1− 2t3
y′′xx =
y′′xt(t)
x′(t)
=
2(t3 + 1)2
(1− 2t3)2 ÷
3a(1− 2t3)
(1 + t3)2
=
2(t3 + 1)4
(1− 2t3)3 .
Èññëåäîâàíèå çíàêà ïåðâîé ïðîèçâîäíîé ïîäòâåðæäàåò ñâåäåíèß, ïðèâåäåí-
íûå â òàáëèöå âûøå. Âòîðàß ïðîèçâîäíàß ìåíßåò çíàê ñ "+"íà "−"ïðè
âîçðàñòàíèè ïàðàìåòðà t â òî÷êå t = 13√2 . Ñëåäîâàòåëüíî, íà ïðîìåæóòêàõ
(−∞,−1) è (−1, 13√2) ôóíêöèß âûïóêëà âíèç, à íà ïðîìåæóòêå ( 13√2 ,+∞)
âûïóêëà ââåðõ. Òî÷êà x( 13√2) = a
3
√
4 ßâëßåòñß òî÷êîé ïåðåãèáà. Èç ãðàôè-
êà âèäíî, ÷òî òî÷êà x = 0, y = 0 , ñîîòâåòñòâóþùàß çíà÷åíèþ ïàðàìåòðà
t→ +∞ , òàêæå ßâëßåòñß òî÷êîé ïåðåãèáà íà îäíîé èç âåòâåé êðèâîé.
Êðèâàß èçîáðàæåíà íà ðèñ. 6.¤
16.3. ÓÏÐÀÆÍÅÍÈß.
16.3.1. Ïîñòðîèòü ãðàôèêè ñëåäóþùèõ ôóíêöèé
1)y = 3x2 − x3,
2)y =
x4
(1 + x)3
,
3)y =
(
1 + x
1− x
)4
,
4)y =
(1 + x)3
(1− x)2 ,
5)y = (x− 3)√x,
6)y =
3
√
x2 − 3
√
x2 + 1,
7)y = (x+ 1)
2
3 + (x− 1) 23 ,
8)y =
x
3
√
x2 − 1 ,
9)y =
3
√
x2
x+ 1
,
10)y = cos4 x+ sin4 x,
11)y = cos x− 1
2
cos 2x,
12)y = cos2 x+ sin x,
13)y =
sinx
sin(x+ pi/4)
,
14)y = e2x−x
2
,
15)y = (1 + x2)e−x
2
,
16)y =
ex
1 + x
,
17)y = ln(x+
√
1 + x2),
18)y =
lnx√
x
,
19)y = x+ arctg x,
20)y = x arctg x,
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21)y = arcsin
x
1 + x2
,
22)y = arccos
1− x2
1 + x2
,
23)y = cos4 x+ sin4 x,
24)y = 2
√
x2+1−√x2−1,
25)y = (x+ 2)e
1
x ,
26)y = xx,
27)y = (1 + x)
1
x .
16.3.1. Ïîñòðîèòü ãðàôèêè ñëåäóþùèõ êðèâûõ, çàäàííûõ ïàðàìåòðè÷åñêè
óðàâíåíèßìè
1)x = ch t, y = sh t,
2)x = 2t− t2, y = 3t− t3,
3)x =
t2
1− t2 , y =
t
t2 − 1 ,
4)x = t+ et, y = 2t+ e2t,
5)x = a cos 2t, y = a cos 3t,
6)x = cos4 t, y = sin4 t,
7)x = t ln t, y =
ln t
t
,
7)x =
a
cos3 t
, y = tg3 t.
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